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ABSTRACT

Memory is an inherent feature of the dynamics of physical systems. It typically emerges
when the complex structure of the system is simplified during the modeling process,
obscuring a part of its underlying behavior. Consequently, the correct description of
such a physical model requires knowledge of not only its present, but also its past
states, leading to non-Markovian dynamics. The resulting interactions depending on
the system history, however, introduce a significant layer of mathematical complexity.
For this reason, when the memory time is significantly shorter than the time scales
characterizing the dynamics, it is typically neglected at the cost of losing information
regarding its role in the system behavior. In this dissertation, I introduce a novel
methodology, namely the effective mass approach, which bridges the Markovian and
non-Markovian regimes and provides an accessible framework for analyzing systems
with short memory. In this method, the non-Markovian system is approximated with
its Markovian counterpart, in which the short-memory effects are encapsulated within
an effective mass. 1 then utilize this approach to demonstrate that the impact of
short memory on physical dynamics can be remarkably pronounced. In particular, I
show that the directed transport of a Brownian particle in an environment exhibiting
temporal correlations can be reversed relative to its behavior in a memoryless medium.
Moreover, I propose a setup wherein memory serves as a control parameter for the
generation of random information bits. Collectively, the results of this dissertation
underscore the critical importance of short-time correlations in microscopic systems.



STRESZCZENIE

Pamie¢ jest nieodtaczng cecha dynamiki uktadéw fizycznych. Pojawia sie ona zazwy-
czaj, gdy skomplikowana struktura uktadu zostaje uproszczona w procesie modelowa-
nia, co prowadzi do ukrycia czesci jego wewnetrznej dynamiki. W konsekwencji opis
takich modeli fizycznych wymaga znajomosci nie tylko ich standéw terazniejszych, ale
rowniez przesztych, co prowadzi do zachowania niemarkowowskiego. Obecno$¢ wynika-
jacych z tego oddziatywan zalezacych od wcze$niejszych standéw znaczgco komplikuje
jednak opis matematyczny takich uktadéw. Z tego powodu, gdy pamieé jest znacznie
krotsza niz skale czasowe charakteryzujace dynamike uktadu, jest ona zazwyczaj pomi-
jana kosztem utraty informacji dotyczacych jej roli w zachowaniu modelu. W niniejszej
rozprawie przedstawiam nowa metodologie, mianowicie przyblizenie masy efektywnej,
ktéra stanowi pomost miedzy rezimem markowowskim i niemarkowowskim oraz po-
zwala na analize ukltadéw z krotka pamiecia. W metodzie tej uktad niemarkowowski
przyblizany jest jego markowowskim odpowiednikiem, w ktérym efekty krotkiej pa-
mieci sg zawarte w masie efektywnej. Nastepnie wykorzystuje to podejscie, aby wyka-
zac, ze wptyw krétkiej pamieci na dynamike moze by¢ bardzo wyrazny. W szczegdlnosci
pokazuje, ze ukierunkowany transport czastki Browna w srodowisku wykazujacym ko-
relacje czasowe moze ulec odwroceniu wzgledem jej zachowania w osrodku bez pamigci.
Ponadto proponuje¢ uktad, w ktorym pamie¢ stuzy jako parametr kontrolny do gene-
rowania losowych bitéw informacji. Wyniki niniejszej rozprawy podkreslaja krytyczne
znaczenie korelacji czasowych w uktadach mikroskopowych.
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1 Introduction

The correct description of many natural systems requires the knowledge of not only
their current, but also their past states. An example is the magnetic hysteresis: the
remanent magnetization of a ferromagnet in the absence of a magnetic field depends
on its previous magnetization when the field was turned on [1]. Another example is the
dynamics of cytoplasm, the substance inside biological cells |2} [3]. It is a complex envi-
ronment consisting of a fluidic cytosol and a dynamic polymer network (cytoskeleton)
that possesses both viscous and elastic properties [4], which gives rise to its delayed
response to perturbations. Finally, human reactions to external stimuli may depend
on their previous experiences. In this context, what influences human behavior is their
memory [5], and this term is also used to describe the general dependence of physical
systems on their past.

In fact, memory is a universal feature of natural systems [6]. Even at the funda-
mental level of quantum mechanics, a particle coupled to thermal vacuum experiences
fluctuations that are correlated in time, i.e., they depend on their previous values [7].
Memory also arises whenever degrees of freedom of the constituents of the system are
hidden in the coarse-graining procedure. For example, if we describe the aforemen-
tioned ferromagnet only with its total magnetization, we lose information about the
orientation of the individual magnetic domains. Such a coarse-grained model consists
of much less elements, but in order to predict its behavior, one needs the access to
the past values of the magnetic field to which the ferromagnet was exposed. Similarly,
in a homogenous picture of cytoplasm, its complexity is hidden and the dynamics of
its internal constituents results in its slow relaxation. Since the modeling of physical
systems frequently involves projecting out microscopic degrees of freedom, setups with
memory are ubiquitous in nature. In recent years the dynamics of such systems has at-
tracted an increased activity and has been studied in the context of active particles [8-
10|, protein folding [11} (12|, random walk theory [13-16], diffusion [17, |1§], stochastic
networks |19] and gene expression [20], to name only a few.

The emergence of memory is especially pronounced on the mesoscopic level. Meso-
scopic objects, such as proteins, constantly exchange energy with their environment,
and, despite being much bigger than single molecules, they are small enough to ex-
perience the molecular character of their surroundings. The result is their persistent
erratic movement known as Brownian motion [21-23]. The noisy force exerted on the
Brownian particles by the environment is frequently modeled with the assumption of



4 CHAPTER 1. INTRODUCTION

its Markovianity, i.e., neglecting any temporal correlations. The correlations, however,
always arise and may originate from hydrodynamic memory [24, 25|, activity of the
medium |26} 27|, or its viscoelasticity |17]. The consequence is the inherently non-
Markovian dynamics of mesoscopic systems. The interactions depending on the past
states can significantly influence characteristics of these setups, e.g., the rate of barrier
crossing [28, 29], and can give rise to phenomena that are absent in corresponding
memoryless systems, such as memory-induced Magnus effect [30], particle recoil |31}
33| and oscillations of driven overdamped particles [34} 35].

Since viscoelasticity is a general property of numerous soft matter systems, such as
polymer networks [36], micellar solutions [37], liquid crystals [38] or intracellular envi-
ronments [2], the dynamics of Brownian particles in environments exhibiting memory
has an essential meaning in the physics of proteins, polymers, and cells. A fundamental
problem in the study of such systems is the role of memory in directed transport. In
particular, Brownian particles are the models of biological motors, i.e., proteins re-
sponsible for degradation of biomolecules, mitosis, cell differentiation, and particularly
for intracellular transport [39H41] (see Fig. [I.1]). Disruptions in the intracellular trans-
port have been linked with various neurodegenerative diseases, such as Alzheimer’s and
Parkinson’s [42]. Moreover, some viruses, like HIV, use intracellular transport to infect
the host cell’s nucleus [43, 44]. Our proper understanding of the role of memory in
transport at the microscale can thus help in a more effective detection and treatment
of various widespread diseases, but it is also crucial for the effective design of artificial
micro- and nanomotors, which could serve as agents delivering medicines precisely to
the specified point in the human body or could be used to perform mechanical work
[45, 46].

1.1 Problem formulation and outline

The non-Markovian character of the dynamics of physical systems introduces a signif-
icant layer of mathematical complexity to their description. Consequently, when the
memory is much shorter than the characteristic time scales of the system, the history
dependence is frequently neglected and the Markovian approximation is applied. Such
a treatment, however, hides the effects of short-range temporal correlations, which may
significantly alter the system dynamics. In this dissertation, I present a novel method-
ology for analyzing non-Markovian systems and demonstrate that the effects of short
memory may be remarkably profound.

This document is structured as follows. Chapter 2| introduces the fundamental the-
oretical concepts underlying this work. Specifically, I distinguish between Markovian
and non-Markovian stochastic processes, introduce the Generalized Langevin Equation
as the primary framework of this study, and detail the Markovian embedding procedure.
In Chapter [3] T provide a description of the physical model, define the key observables
of interest, outline the numerical methods used to obtain the results, and describe the
physical system in which the theoretical results can be verified experimentally.
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cytosol microtubules

centrosome

biological cell

Figure 1.1: A biological motor operating in a viscoelastic cytoplasm: an example of a
non-Markovian system. Microtubules, one type of filaments building up the cytoskele-
ton, serve as “tracks” for the biological motors (such as kinesins) that are responsible
for transporting vesicles, organelles and other structures toward or away from the
microtubule-organizing centers (such as centrosomes). The non-Markovian character
of the motor dynamics results from their interaction with the surrounding intracellular
substance (cytoplasm), possessing both viscous and elastic properties, which accounts
for its slow relaxation. The illustration is based on the descriptions and diagrams in

Refs. .

Chapter [4 presents my first major contribution, namely the effective mass approach.
This perturbative approximation scheme enables the description of systems with short
memory via an equivalent memoryless model, wherein memory effects are recast as a
renormalization of the particle’s mass. Building on this framework, Chapter [5( demon-
strates the profound impact of short memory on the directed transport of Brownian
particles. Specifically, I show that the presence of memory can induce a reversal of
velocity relative to the memoryless analogue, leading to phenomena such as memory-
induced absolute negative mobility and memory-induced current reversal. Additionally,
I propose a setup wherein memory serves as a control parameter for generating random
bit sequences encoded in the particle’s velocity. Finally, Chapter [0 provides a summary
of the dissertation and offers concluding remarks.

15:2431372237



CHAPTER 1. INTRODUCTION



2 Theoretical background

In this chapter I introduce the key theoretical concepts appearing in the dissertation.
In Sec. I formally define the difference between Markovian and non-Markovian
stochastic processes. Then, in Sec. I present the physical model of a Brownian
particle in a correlated thermal bath, namely the Generalized Langevin Equation.
Finally, I present some classes of memory kernels analyzed in the further part of this
work and describe the Markovian embedding technique.

2.1 Markovian and non-Markovian processes

Let us consider a system described by a state vector

Y1
y=|: (2.1)
Yk
consisting of a finite number of state variables y;, ¢ € {1, ..., k}. The statistical

ensemble of realizations of the trajectory y(t) is called a stochastic process (¢ stands
for the time variable). At each instant ¢’ the stochastic process y is a random variable
y' = y(t) described by its probability distribution p™) (y?,#*). Similarly, at n time
instants the set of random variables Y = {y',¥% ...,¥"} can be described by a
joint probability distribution p™ (Y(”),t(")>, where t™ = {t',#2,...,¢"}. Then, the
relation

Pl (YD g0 1)) = R (ynt et [y ) ¢ (o) (Y0, ¢) (2.2)

defines the transition probability distribution R™ (y”*l, L Yy, t(")) to the state
y™*1 at time ¢t"*! given that the state vector took values y* € Y™ at times t* € t(".
A stochastic process is Markovian if [49)

R™ (y"“, |y ™, t<">) = RW (y"“, |y t") . (2.3)

From the relation in Eq. (2.3)) it follows that for a Markovian process the transition
probability distribution depends only on the latest value of the state vector y (it does
not depend on the past values y* at times ¢* < ¢"). The Markovian process is thus
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fully described by its initial probability distribution p™" (y',#!) and the one-step transi-
tion probability distribution R (y"*+1, ¢"+1|y™, ") obeying the Chapman-Kolmogorov
equation

RM (yn+1, gl ‘ ynflj tnfl)

_ / _ '/DR(U (ynH,th |y",t") RW (yn’tn | ynfl,tnfl) dy”, (2.4)

for fixed t"~! < " < ¢"*! (integration is over the k-dimensional domain D of the state
vector y). For a non-Markovian process the transition probability distribution depends
on the previous values of the state vector y (the process has memory of its previous
states) and in general it does not obey the Chapman-Kolmogorov equation ([2.4)).

2.2 Microscopic model of Brownian motion

In this section I introduce the main theoretical framework on which my work is based,
namely the Generalized Langevin Equation. I start with presenting the memoryless
Langevin Equation for a Brownian particle in an uncorrelated bath. Then I derive its
generalized form taking into account the internal degrees of freedom of the environment.

2.2.1 Langevin Equation

One of the earliest mathematical models of Brownian motion dates back to 1908 and
was proposed by Paul Langevin [50]. In this model, the one-dimensional dynamics of a
Brownian particle with mass m and position x is described with a Newton’s equation
of motion

mo(t) + yu(t) = F(x,t) + &£(t), (LE)

where v(t) = &(t) is the particle’s velocity, F'(x,t) represents arbitrary external forces
acting on the particle and dot indicates differentiation with respect to time ¢. The
particle is driven by the noisy force {(t) exerted by the environment and resulting from
the collisions of the surrounding molecules with the particle. At the same time, the
particle dissipates its energy to the bath via the Stokes frictional force —yv(t), where
v = 6mva is the friction coefficient, v is the viscosity of the surrounding medium and
a is the particle’s radius. In this treatment the force £(¢) responsible for the erratic
motion of the particle is assumed to be a Gaussian process with the following properties

(EE() = 2vkpTo(t — 1), (2.5b)

where kg is the Boltzmann constant, 7 is the temperature of the bath, §(¢) is the Dirac’s
delta, and the triangular brackets indicate averaging over an ensemble of realizations
of the random force £(t). The assumption of Gaussianity of £(t) is justified by the
large number of collisions of the Brownian particle with the surrounding molecules
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and follows from the central limit theorem. The condition of its vanishing mean in
Eq. is required for thermal equilibrium. Finally, Eq. is a manifestation
of the fluctuation-dissipation theorem interconnecting autocorrelation function of the
random force (or equivalently its spectrum) with the Stokes friction experienced by the
particle [51]. In particular, Eq. states that the subsequent values of the force
&(t) are not correlated.

The particle’s state at a given time instant is unambiguously described with a state
vector

y(t) = Bgﬂ . (2.6)

According to Eq. (LE]), the time evolution of y(¢) is determined by the following equa-

" () (0

. z(t v(t

0= |50) = L1 (o4 Play 0] 20
The right-hand side of Eq. depends only on the current value of the state vector
y(t) (not on its past values) and on the random force £(t), whose values at subsequent
time instants are independent. Consequently, the ensemble of trajectories y(t) for
different initial positions z(0), velocities v(0) and realizations of the thermal noise &(¢)
form a Markovian process.

2.2.2 Generalized Langevin Equation

The assumption of the Markovian character of the Brownian particle dynamics is cor-
rect only approximately. In actual systems the collision times of the molecules are
never instantaneous. The constituents of the bath may have non-zero relaxation times,
which results in a correlated random force experienced by the particle. The generalized
form of Eq. can be derived starting with a model consisting of a Brownian particle
coupled bilinearly with a bath of harmonic oscillators with masses m; and frequencies
w; |52, [p3]. The total Hamiltonian of the system then reads

1, muw? ¢ 2
o Mi; - T — x| |, (2.8)

1
H:imvg—kU(x,t)—l—; 5

where the potential U(x,t) is defined by the relation

_OU(z,t)
or '

the indexed variables z; and v; represent the positions and velocities of the bath oscil-

F(z,t) = (2.9)

lators, and the constants ¢; describe the coupling between the Brownian particle and
the bath. The equation of motion for the Brownian particle then reads

| v(t)
y(t) = %F(f,t) +3 4 (a:z(t) — = zx(t)) 7

miw;

(2.10)
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and for the bath oscillators

yi(t) = Fi(t)] = [ Juilt) me] . (2.11)

Solving Eq. (2.11)) for the positions z;(t) of the bath particles and inserting the results
into Eq. (2.10]) gives

mo(t) + [ Kt — #)o()dt = Fla.t) + (), (GLE)
where )
K(t) = i > cosut) (2.12)

is a memory kernel, and

Wi

n(t) = Z ¢ l(mi(()) S 21:(0)) cos(wit) + ——— sin(w;t) (2.13)

is a correlated random force with zero-mean obeying the second fluctuation-dissipation
relation [51]

(n(t)n(t')) = vkeTK(t —1'). (2.14)

The definition of the force n(¢) does not consist of any stochastic component, however,

assuming a large number of the bath oscillators with unknown initial positions z;(0) and
velocities v;(0), it can be effectively treated as a random force, in the same manner as
the uncorrelated random force £(t) approximates the deterministic force resulting from
the collisions with the surrounding molecules in the memoryless Langevin Equation
. Moreover, if the bath particles form a Gibbs equilibrium ensemble, the force
n(t) is a Gaussian process with vanishing mean, i.e., (n(t)) = 0, and the relation in
Eq. is fulfilled [53]. Eq. is the generalized version of Eq. taking into
account the internal degrees of freedom of the bath and so is called the Generalized
Langevin Equation.

In analogy with Eq. (2.7), the time evolution of the state vector y(t) is determined
by the following equation

v(t)

w [—7 [y K(t—t)ot)dt + F(z,t) + n(t)} : (2.15)

y(t) =

The right-hand side of Eq. depends on all the values of the particle velocity
v(t) from 0 to t. Moreover, from Eq. it follows that the subsequent values
of the random force 7(t) are not independent. This means that in the Generalized
Langevin Equation formalism the ensemble of the trajectories y(t) generally form a
non-Markovian process.
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2.2.3 Memory kernels

The complete information about the character of the particle-bath interaction is con-
tained in the memory kernel K (t). From Eq. (2.12) it follows that K (¢) is a real-valued
even function, i.e.

K(—t) = K(t) €R. (2.16)

Since K (t) is proportional to the autocorrelation function of the random force 7(t) [see
the fluctuation-dissipation relation in Eq. (2.14)] it must be positive semi-definite [54].
In particular it means that

K(0) = [K(t)], (2.17)

so that its value at ¢ = 0 is positive and is a global maximum. Moreover, the Fourier
transform of K (t) defined as

RK(w) = /O T (DAt = Kr(w) + 1K1(w) (2.18)

is analytic in the lower half of the complex plane and vanishes as |w| — oo, thus its
real and imaginary parts obey the Kronig-Kramers relations

Kg(w) =p.v. l?lr /_O:O j{liogdw’] ) (2.19)
Ki(w) = p.v. [—71( /O:O mdw’] : (2.20)

where “p.v.” denotes the Cauchy principal value. f(R(w) is also proportional to the
autocorrelation function of the particle velocity and must be non-negative to ensure
the dissipative character of the system [54].
A reasonable assumption about the memory kernel states that it vanishes as t — oo,
ie.
tlgglo K(t)=0. (2.21)

Intuitively, it means that after a long time the influence of the past states on the current
dynamics is negligible. If the memory kernel does not vanish as ¢ — oo, the particle
becomes trapped [17]. A stronger assumption for the memory kernel requires it to be
integrable

/OOO K(1)dt < oo, (2.22)

which ensures that the Brownian particle dragged with a constant velocity will asymp-
totically experience constant and finite friction. This assumption is sometimes removed
if only transient times are considered.

There is a plethora of particular forms of the memory kernel appearing in the
literature. Here I present only a few classes of them that will appear in the later
part of this work. First, the Generalized Langevin Equation (GLE|) reduces to the
memoryless Langevin Equation for

Ko(t) = 26(t), (2.23)
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(a) (b) b
ks V3

Figure 2.1: Schematic representation of two models of viscoelasticity. (a) In a Maxwell
model the Brownian particle (blue, solid) is connected to a fictitious overdamped bath
particle (gray, hatched) with a damping coefficient 7 through a spring with elasticity
constant k = /7 (zigzag line). (b) In the generalized Maxwell model the bath is
modeled with n > 1 overdamped particles characterized by different friction coefficients
vi = a;7y and spring constants k; = v;/7;. Here the case n = 3 is visualized.

where §(t) is the Dirac’s delta, and I follow the convention fj d(¢')dt’ = 1/2 consistent
with the representation of the Dirac’s delta as a limit of a sequence of even functions.
The “memory” kernel Ky(t) in fact represent the instantaneous (memoryless) interac-
tion between the bath and the particle. It is a suitable choice if the memory time of
the bath is so short that no memory effects are observed at the considered time scale.
One of the most common models of K(¢) that actually captures the non-Markovian
effects is the exponential kernel

1
Ku(t) = ;e—lt‘/f, (2.24)

where 7 is the memory (correlation) time. The form of Ky () follows from the model of
viscoelasticity proposed in 1867 by James Clerk Maxwell [55] (well before the derivation
of the Generalized Langevin Equation). Such a memory kernel also appears when the
Brownian particle is connected to a fictitious overdamped (intertialess) bath particle
by a spring with an elastic constant v/7 [17, 29 [see Fig. 2.1(a)]. The memory kernel
Kn(t) is characterized by a single relaxation time 7. More complex environments may
exhibit a whole spectrum of relaxation times 7; and the memory kernel can be composed
as a weighted sum of n exponentially decaying functions, i.e.

Koy =Y Sieliim, (2.25)

i=1 Ti
where «; specify the contribution of each of the sum elements to the kernel. In this
generalized Maxwell model the bath is modeled with n fictitious overdamped particles

characterized by different friction coefficients and connected with the Brownian particle
by springs with different elastic constants [see Fig. [2.1(b)]. This model can accurately
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represent the bath on its own [56], but it can also serve as an approximation of other
kernel types, such as the power-law Kp(t) o< [t|™® [57, |58] or stretched exponential
Ks(t) oc exp(—[t|?) [59] kernels.

Additionally, if the response of the bath is characterized by clearly separated time
scales, the memory kernel may consist of both Ky(t) representing the fast (instanta-
neous) response of the medium, and Ky (t) or Kgm(t) describing the delayed reaction.

2.2.4 Markovian embedding

As stated before, in the Generalized Langevin Equation formalism the process y(t)
describing the particle dynamics is generally non-Markovian [with exception to the
memory kernel Ko(t), see Eq. (2.23))]. There is, however, a class of memory kernels for
which the state vector y can be extended with n auxiliary variables w;(t) describing
the dynamics of the thermal bath to form a Markovian process [60]. In particular, let
us consider a set of equations

@(t) = v(t), (2.26a)
mi(t) = F(x,t) +gTu(t), (2.26b)
u(t) = —vyou(t)h — Au(t) + C&(1), (2.26¢)

where u(t) is the vector of auxiliary variables w;(t), g and h are constant vectors
with n elements, A and C are constant n X n matrices, &(t) is an n-element vector of
uncorrelated Gaussian white noises satisfying (&;(¢)&;(t')) = 2vkgT'd;;0(t — t') (where
d;; is the Kronecker delta), and the upper index T denotes a transpose of a vector or
a matrix. The evolution equation for the extended process

ye(t) = [w(t) (2.27)

depends only on the current values of yg(¢) and contains uncorrelated noisy forces &;(t),
thus the extended process is Markovian.

It is then possible to integrate Eq. for the auxiliary variables u;(t). After
substituting it to Eq. the result has a form of a Generalized Langevin Equation
(GLE|) with the following memory kernel

K(t) = gTe . (2.28)

In order for the model to be consistent with the fluctuation-dissipation relation ([2.14]),
the following relation must hold
Gg = h, (2.29)
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where the n x n matrix G is defined by the equation
1
CCTzzi(AG~%GAT). (2.30)

Moreover, the vector u(0) must be Gaussian distributed with the covariance matrix
given by 2vkgTG. The Generalized Langevin Equation describing the non-
Markovian process y(t) is thus equivalent to a set of equations defining the
extended Markovian process yg(t) if only the memory kernel is representable as in
Eq. and obeys the equations and . The procedure of extending
the state vector corresponding to a non-Markovian process with auxiliary variables to
obtain a Markovian model is called Markovian embedding.

The memory kernel in Eq. can be represented as a sum of the functions
th exp(—\;t), where )\; are unique eigenvalues of the matrix A, and k € {0,...,m; —1},
where m; is the algebraic multiplicity of the ¢th unique eigenvalue. If all m; = 1 and
A € R, the kernel is represented by a sum of exponential decays and corresponds to
Kewm(t) appearing in the generalized Maxwell model of viscoelasticity [see Eq. (2.25))].
If some of the eigenvalues \; are complex, the kernel may exhibit decaying oscillations,
as it is e.g. in a model of harmonic noise [61].

In the simplest non-trivial case n = 1 all of the vectors and matrices appearing in
Eq. reduce to constants. Setting

g—1, h—A-C-G=1 (2.31)

T

produces an exponentially decaying kernel Ky(t), the same as in the Maxwell’s model
of viscoelasticity [see Eq. (2.24])]. The set of equations describing the joint particle and
bath dynamics then reads

z(t) = v(t), (2.32a)
mo(t) = F(x,t) + u(t), (2.32b)
Tu(t) = —yu(t) — u(t) + £(1). (2.32¢)

The memory kernel Kgy(t) appearing in the generalized Maxwell model of viscoelas-
ticity can be obtained by setting

1 Va1

2

T 50 T 20
g= ||, h=]:|, A= L, C= , G = | (2.33)
1 % 0 2 0 e 0 e
The corresponding set of equations of motion reads
x(t) = v(t), (2.34a)
mi(t) = F(z,t) + Y u(?), (2.34Db)
i=1

70 () = —ayyv(t) —_uz(t) + Vai&i(t). (2.34c)



2.2. MICROSCOPIC MODEL OF BROWNIAN MOTION 15

Summarizing, the Markovian embedding procedure maps the non-Markovian dy-
namics of the particle described with a state vector y to an extended phase space
containing the extended state vector yg, for which the joint particle-bath dynamics is
Markovian. Conversely, the dynamics of the state vector y described with the General-
ized Langevin Equation is non-Markovian, because the bath degrees of freedom
are hidden in the model. The Markovian embedding procedure is especially useful
in numerical analysis of Eq. , since it allows for utilization of the algorithms
developed for Markovian systems.
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3 Model and methods

In this chapter I present the details of the model analyzed in this dissertation. First, I
specify the external force acting on the particle and the type of memory kernel describ-
ing the thermal bath. Then, I define the quantities of interest appearing in the further
part of this work. Next, I recast the Generalized Langevin Equation to a dimensionless
form and describe the computational methods implemented to solve the equation of
interest numerically. Finally, I discuss the possible experimental realizations of the
presented model.

3.1 Details of the model

In the following part of this dissertation I focus on the dynamics of a Brownian particle
in a periodic potential V' (z) reading either

Vs(x) = AV sin(2rx /L) (3.1)
and representing a symmetric landscape, or
1
Vk(z) = AV |sin(2nz/L) + ) sin(4rz/L) (3.2)

called a ratchet potential, whose slopes are asymmetric [45] (see Fig.[3.1)). The periodic
potential may represent, e.g., a substrate on which the microscopic object modeled as
a Brownian particle resides, or a potential field generated with optical tweezers.

Moreover, I consider a particle exposed to two external forces: a constant bias f
and a periodic driving acos(wt). The time-periodic force ensures that the particle
is not in thermal equilibrium with the surrounding bath (as it frequently happens in
e.g. biological systems), whereas the constant bias breaks the spatial symmetry and is
necessary for the observation of directed transport in the symmetric potential Vs(z).
The total external force acting on the particle then reads

V()

F(z,t) = e

+ acos(wt) + f. (3.3)

Finally, I consider the exponentially decaying memory kernel Ky (t) characterized
by a single relaxation time 7, see Eq. (2.24]).
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0 1 2 0 1 2

Figure 3.1: Two classes of periodic potentials appearing in this work: (a) a symmetric
sinusoidal potential Vs(x); (b) an asymmetric ratchet potential Vi (z).

3.2 Quantities of interest

In the following part of this work, the main quantity of interest will be the average
velocity measuring the net directed transport of the ensemble of particles

(W) = lim - [ (&())d?, (3.4)

where the triangular brackets indicate the average over an ensemble of particles start-
ing with different initial positions x(0) and velocities v(0) and exposed to different
realizations of the thermal noise n(t). In the presence of the driving force a cos(wt),
one can also define velocity averaged over the period T = 27 /w of the driving

v(t) = i / T w)ar. (3.5)

If the instantaneous velocity v(t) is periodic with the period T, this period-averaged ve-
locity eliminates its oscillations that may obscure the underlying non-periodic dynamics
and reaches a stationary state in the long-time limit.

Another quantity characterizing directed transport is the mobility p(f), which re-
lates the particle’s average velocity (v) to the constant bias f breaking the spatial
symmetry, namely

u(f) = : (3.6)

In the small bias limit f — 0 one expects the linear response of the system described
by the absolute mobility

Ho = lim u(f). (3.7)
3.3 Dimensionless form of GLE

The Generalized Langevin Equation (GLE)) can be recast to a dimensionless form. A
proper choice of time and length units allows for elimination of several parameters
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describing the model, thus reducing the effective parameter space. Moreover, in the
dimensionless equation only relative values of the physical quantities matter, so the
results are independent of the particular physical system described by the mathematical
model.

With the external force chosen as in Eq. , the most natural length unit is the
period of the potential L. For the time unit 7y, there are various reasonable choices
corresponding to different characteristic times associated with the particle dynamics
(see e.g. Ref. [A1]). In this dissertation I set

_L
AV
which is related to the time scale of the relaxation of an overdamped (inertialess)
particle in the periodic potential V' (z) [62]. After multiplying Eq. (GLE) by 70/(~vL),

the position = and time ¢ are replaced by their dimensionless counterparts & = z/L

(3.8)

To

and t = t/7y. The friction coefficient v, magnitude of the potential AV and its period
L cancel out to unity, and the resulting equation for dimensionless variables reads

. i\ A A A A A~ A A
b (f) + / K@ —D)o(@)ad = £(2,0) + a(h), (3.9)
0
where the dimensionless mass reads
= (3.10)
Yo
and the external force scales to
L ov (2 .
F(z,t) = —a(Ax)+dcos(@ﬂ+f, (3.11)
z
where I I
h=a-—, f[=[f— &=uwn. 12
The dimensionless periodic potentials read
N N 1
Vs(2) = sin(272), V(%) = sin(272) + 1 sin(47 ), (3.13)
and the memory kernel scales to
K(f) = 10K (t). (3.14)

The rescaled thermal noise force obeys the fluctuation-dissipation relation in the form

(b)) = oK (E 1), (3.15)
with T
0= AV (3.16)

being the dimensionless temperature, relating the thermal energy kg7 to the height of
the potential barrier determined by AV
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3.4 Numerical simulations

The Generalized Langevin Equation is a second-order stochastic integro-differential
equation. Due to the nonlinearity (in the particle’s position x) of the potential V' (x),
its analytical solution is unattainable. In this section I describe the methods applied
to solve the equation of interest numerically.

As stated in subsection Eq. with a memory kernel K'(t) representable
as in Eq. can be recast to a set of first-order stochastic differential equations
(2.26)). For such a class of models there exist well-established numerical algorithms
for solving the equations of motion numerically. In this work a weak second-order

predictor-corrector scheme was implemented for this task [63]. The time step of the

T T
4000° 200

of the external driving a cos(wt). The ensemble averages were calculated over 212-2!8

simulations was set to At € ( ), where T = 27 /w is the fundamental period
system trajectories starting with different initial conditions and driven by different
realizations of the random force £(¢). All the simulation parameter sets were verified
for their numerical convergence.

Since all of the trajectories in the ensemble are described by the same equations
of motion, the numerical calculations were performed in parallel on modern desktop
Graphics Processing Unit (GPU) by use of the CUDA environment [64]. This method
allowed for a significant speed-up of the calculations, reducing the computational time
by up to three orders of magnitude compared to the Computer Processing Unit (CPU)
methods [65].

3.5 Experimental verification

The theoretical predictions presented in this dissertation can be corroborated experi-
mentally in a system consisting of a colloid driven with an optical trap in a viscoelastic
medium. Typically, the Brownian particle is a silica probe with a diameter in the
order of micrometers, and the viscoelastic medium is composed of wormlike micelles
or a polymer solution [31} 56| [66]. The periodic potential and the external force can
be implemented with a rotating circular array of optical traps [67] or can be simulated
with optical tweezers using a high-precision feedback protocol [6§]. Such a setup acts
as a prototypical experimental platform for investigating the fundamental problems
arising in the field of non-Markovian dynamics and has already been used to study the
rate of barrier crossing [28, 29], giant diffusion [67], stochastic resonance [69], energy
recuperation [70] and optimal control |71]. The experimental methods nowadays offer
unprecedented accuracy, which allowed for, e.g., tracking the Brownian particles at
time scales shorter than their relaxation times [72, 73] and observation of their ballistic
motion [74-76]. Such precise measurements allow for verifying various theoretical pre-
dictions, such as the Maxwell-Boltzmann distribution [77, 78], and can be also applied
to test the results presented in this dissertation.



4 Effective mass approach

The Langevin Equation (LE]) is a memoryless limit of the Generalized Langevin Equa-
tion . For example, the memory kernel appearing in the Maxwell’s model of
viscoelasticity Kw(t) [see Eq. (2.24)] converges to the kernel Ko(t) [see Eq. (2.23)] if
the memory time 7 — 0. Consequently, when all the memory times characterizing
the bath are extremely short (compared to the time scales associated with the sys-
tem dynamics), the presence of memory can be neglected and the Langevin Equation
formalism resulting in Markovian dynamics provides an accurate description. On the
other hand, if the memory times are comparable or longer than that characterizing
the system of interest, the full Generalized Langevin Equation for the non-Markovian
process must be analyzed. In this chapter I present a novel approximation scheme,
namely the effective mass approach, which bridges the Markovian and non-Markovian
regimes and enables the analysis of systems with short memory with an approximate
memoryless model. The memory effects are, however, not neglected, but are encapsu-
lated in the effective mass of the system. This new methodology reduces the number
of equations of motion describing the system and simplifies the parameter space of
the model, allowing for a more comprehensive analysis of systems with short memory,
especially via numerical simulations. This chapter is based on Refs. [D1-D3].

4.1 Derivation

Let us consider a positive, normalized and integrable memory kernel satisfying the

relations
thO K(t) > 0, (41&)
/ TRt = 1, (4.1b)
0
/oo tK(t)dt = 7 < 00, (4.1¢)
0

where Ty is expressed in time units. Since the above conditions ensure that memory
must vanish at long times, i.e., lim; ,,, K(t) = 0, the quantity 7x specifies the time
scale over which the influence of past states on the system dynamics remains significant.
The integrability condition in Eq. implies that in the limit 7 — 0 the memory
kernel K (t) must vanish for all ¢ > 0. In this limit, the normalization requirement in
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Eq. (4.1b)) is fulfilled only if K (¢) reduces to Ky(t) = 26(t), representing the memoryless
case.
Let us now examine the friction force appearing in Eq. (GLE)

wit) = [ Kt — ()t (4.2)

[To be exact, in this form w(¢) is the friction force multiplied by —1]. The force w(t)
is a convolution of the memory kernel K (¢) and the velocity v(t), so their arguments
under the integral can be exchanged, i.e.,

wit)=n [ K)ot — t)dr. (4.3)

The leading contribution to the integral comes from the times t’ < 7k, since for t' > 7y
the value of the memory kernel K (#') vanishes. If 74 is much shorter than the time
scales associated with the system dynamics, one can approximate the velocity v(t —t')
with first two terms of its Taylor expansion around the time ¢ (see Fig. [4.1)),

v(t —t') = o(t) — t'o(t). (4.4)

Inserting the approximation into Eq. (4.3)) gives

wl(t) = ot) [ KAt — ~o(t) / R (). (4.5)

For t > 71 the upper limits of the integrals can be extended to infinity, so that the
relations in Eqgs. (4.1b)) and (4.1¢) can be applied to give

w(t) = yu(t) — y1ro(t). (4.6)

The first term on the right-hand side is the memoryless friction force, the same as in
the Langevin Equation (LE|). The other term is proportional to the acceleration o(t)
and can thus be incorporated into the inertial term in Eq. (GLE]). The approximate
equation for the system dynamics then reads

m*o(t) + yu(t) = F(x,t) + (1), (EM)

where

‘m*:m—yTK:m—Am‘ (4.7)

is the effective mass of the system, Am = 7k is the mass correction, and 7 is defined
in Eq. . The approximate equation is identical to the memoryless Langevin
Equation for a system with the effective mass m*. The correlated thermal noise
force n(t) was replaced with the uncorrelated one £(t) [see Egs. and (2.5b))], so
that the approximate system obeys the second fluctuation-dissipation relation given
by Eq. . The form of the effective mass m* gives a hint on the range of validity
of the effective mass approach. Namely, since this approximation was derived for
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Figure 4.1: Schematic demonstration of the short-memory assumption. In (a) velocity
v(t — t') is correctly approximated with first two terms of its Taylor expansion within
the time interval where the memory kernel K (#') is non-negligible: the effective mass
approach is expected to give correct results. In (b) the velocity strongly varies while
the value of K (') is still significant: the system is out of the validity regime of the
approximation.

a system with short memory, we expect the mass correction Am to be significantly
smaller than the system mass m. This means that the effective mass approach is valid
when 75 < 71, where 71, = m/v is the velocity relaxation time of a free Brownian
particle (the Langevin time). In particular, the effective mass m* > 0, which ensures
the dissipative character of the approximate system.

For the memory kernel Kqgy(t) consisting of a sum of exponential decays [see

Eq. (2.25)] the mass correction reads

n
Amagu =7y Z T (4.8)
i=1
In particular, for n = 1 the memory kernel is characterized by a single relaxation time
7 and the mass correction reduces to

Summarizing, when the time 75 characterizing the memory kernel is much shorter
than the time scales associated with the system dynamics, the Generalized Langevin
Equation describing non-Markovian behavior can be approximated with a mem-
oryless Langevin Equation for a system with the effective mass m* = m — Am.
The approximate model results in Markovian dynamics, but the effects of short mem-
ory are not neglected. Instead, they are encapsulated in a correction to the system
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mass Am = Tk, depending solely on the bath characteristics, namely the friction
coefficient v and the time 7.

4.1.1 Second-order correction

The class of memory kernels suitable for the application of the effective mass approach
is restricted only by the requirements in Egs. (4.1a)-({4.1d). Within this framework,
the term y7x can be viewed as the first-order contribution to the mass correction Am
with respect to the time 7x. For the kernel Kqm(t) [see Eq. (2.25))] it is possible to
extend the derivation to obtain a second-order contribution. The mass correction then
reads

Aman =Y (om- + (”2> (4.10)

T\ ) '

where 71, = m/~ is the Langevin time. The detailed derivation of the second-order
correction can be found in Ref. [D2].

4.2 Validation and limitation

In this section I present the application of the effective mass approach to discuss its ac-
curacy and limitations. I consider the dimensionless form of the Generalized Langevin
Equation (3.9) and omit the hats over the rescaled variables for clarity. For the illus-
trative purposes, the parameter values are set to

m=1, a=15 w=4, f=01, 6=1073. (4.11)

In the chosen dimensionless scaling the friction coefficient  reduces to unity (see
Sec. , and consequently the Langevin time characterizing the relaxation of a free
particle is equal to the dimensionless mass, i.e., 7, = m = 1. Another characteris-
tic time is the period of the driving force T = 27/w ~ 1.57, which is of the same
order of magnitude as 71,. Furthermore, I assume an exponentially decaying memory
kernel Ky(t) characterized by a single correlation time 7 [see Eq. (2.24)]. Such a non-
Markovian model can be approximated by the memoryless Eq. with the effective
mass reading m* = m — 7. In Fig. the average velocity of the Brownian particle (v)
is presented as a function of the memory time 7 for both the original system described
by Eq. and for the approximate memoryless model with an effective mass.

First of all, it is clear that even for memory times on the order of 7 = 0.01, the
particle velocity significantly differs from that in the memoryless limit 7 — 0. This in-
dicates that the standard Langevin Equation fails to provide a suitable approximation,
even though the memory time is two orders of magnitude shorter than other charac-
teristic time scales associated with the particle’s motion. The original dynamics is,
however, accurately approximated if the mass correction defined in the effective mass
approach is taken into account.
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Figure 4.2: Average velocity (v) of the particle as a function of the memory time 7.
The numerical results for the Generalized Langevin Equation (solid blue) are
compared with the effective mass approximation with the first-order (dashed
red) and second-order (dash-dotted green) mass corrections. The memoryless limit
7 — 0 is indicated by the light-blue dotted line. All of the considered quantities are
dimensionless. Figure reproduced from Ref. [D2].

Specifically, the approximate model correctly reproduces the particle dynamics for
memory times up to 7 & 0.03 when the first-order correction is applied, and up to
7 ~ 0.05 if the second-order correction is included. As the memory time increases, the
condition 7 < 71, is no longer satisfied, and the system moves beyond the regime of
validity for the effective mass approach.

4.3 Comparison with Markovian embedding

Both the effective mass approach and the Markovian embedding procedure allow for the
description of non-Markovian dynamics within a Markovian framework. In this section,
I contrast these two methodologies, highlighting their advantages and discussing how
they may be combined.

The primary advantage of the Markovian embedding method is its accuracy, namely,
the set of equations is mathematically equivalent to the Generalized Langevin
Equation (GLEJ). In other words, Markovian embedding is not an approximation,
but rather a different formulation of the original problem. However, its applicability is
limited to memory kernels representable in the form of Eq. . Here lies the strength
of the effective mass approach, which accommodates a significantly broader class of
memory kernels, including Gaussian Kq(t) o exp [—(¢/7)%] and algebraic Ka(t) o
(t+7)7" for k > 2.

Another key distinction is the computational complexity. The Markovian embed-
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ding method requires the solution of n additional equations of motion for n auxiliary
variables, and generation of n corresponding noise sources. As a result, in the latter
method the computational time scales as O(n), which can limit the capabilities of ex-
ploring the parameter space of the model. This problem does not occur in the effective
mass approach, whose complexity is comparable to that of the memoryless Langevin
Equation formalism and is independent on the particular form of K (), since the mass
correction Am can be typically calculated analytically before the simulations.

Finally, a memory kernel composed of a sum of exponential decays can serve as a
flexible approximation for other memory kernels, such as K4 (t). Given n exponential
terms and the normalization condition in Eq. (4.1D]), the model contains 2n — 1 ad-
justable parameters 7; and «;, offering a high degree of freedom. However, for short
memory times, the accuracy of the effective mass approach might be comparable to
that of this more complex scheme, despite its simplicity. For longer memory times,
the more sophisticated approximation basing on Markovian embedding offers superior
accuracy, provided that the parameters are appropriately tuned. Notably, optimal ac-
curacy is achieved when the parameters are chosen such that both the original and
approximate kernels yield identical mass corrections within the effective mass frame-
work. This tuning strategy has proven superior to traditional least-squares fitting of
the kernels, which I showed in Ref. [D3].



5 Dynamics of non-Markovian
systems with short memory

In this chapter I present three examples illustrating how short memory influences the
dynamics of non-Markovian systems. The first two cases focus on the direction of
the particle’s motion, which is of critical significance for applications such as target-
seeking or particle sorting. The last example demonstrates how short memory can
impact the stability of the running solutions and proposes a potential application for
the observed effect. Collectively, these examples indicate the usefulness of the effective
mass approach, which was used to discover these phenomena and provided a physical
interpretation of their origins. In the following sections, the Generalized Langevin
Equation is analyzed in the dimensionless form [see Eq. (3.9)], with the hats over the
rescaled variables omitted for simplicity.

5.1 Memory-induced absolute negative mobility

When a dynamical system is subjected to a weak external perturbation, its response is
expected to be proportional to the applied forcing, indicating that the system remains
within the linear response regime. If the external perturbation is the constant force
f and the response is quantified with the average velocity (v), the proportionality
constant is the absolute mobility pg, as defined in Eq. .

In linear systems, the superposition principle dictates that the contributions of
individual forces to the total response can be analyzed independently. In particular,
forces with a vanishing mean [such as the periodic driving acos(wt) or the thermal
noise 7(t)] do not contribute to the average velocity (v). Consequently, the particle
follows the direction of the external bias f, and the absolute mobility must be positive.
Furthermore, if the system is near the thermodynamic equilibrium, the Le Chatelier-
Braun principle states that the system response to external perturbation counteracts
the disturbance |79}, 80], which again implies po > 0.

However, in the system considered in this chapter, with the external force F(z,t)
given by Eq. , neither of these constraints apply. First, the presence of a periodic
potential [either Vs(x) in Eq. or Vg(z) in Eq. (3.2)] introduces non-linearity,
and consequently the superposition principle cannot be applied. Second, the periodic
driving force acos(wt) ensures that the system is maintained far from equilibrium,
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Figure 5.1: Average velocity of the par- Figure 5.2: Absolute mobility pg as a
ticle (v) as a function of the static bias function of the memory time 7. Figure
f for different memory times 7. Figure reproduced from Ref. |[D4].

reproduced from Ref. [D4].

which invalidates the Le Chatelier-Braun principle. Under these conditions, the particle
does not necessarily follow the direction of the external perturbation, allowing for the
emergence of absolute negative mobility (ANM), where g < 0.

The existence of ANM has been confirmed both theoretically (see e.g. Ref. |Al]
and references therein) and experimentally [81-83]. This counterintuitive phenomenon
arises in both the stochastic dynamics of Brownian particles and the deterministic
(zero-temperature) limit 7" — 0 |79, |A2]. In this section, I present a case where ANM
occurs exclusively when (short) memory of the thermal bath is taken into account and
vanishes in the memoryless limit [D4].

Let us consider the dynamics of a Brownian particle in a non-Markovian bath with
an exponentially decaying memory kernel Ky(t), placed in a symmetric sinusoidal
potential Vg(z). Throughout this section, I adopt the following parameter regime:

m=0907, a=12.2, w=>5775 6=10"" (5.1)

Fig. illustrates the average velocity of the particle (v) as a function of the static
bias f for various memory times 7. In the linear response regime, the mobility gy
corresponds to the slope of the average velocity curve (v)(f) in the limit of vanishing
bias (f — 0). In the Markovian limit (7 — 0), the mobility is positive (y9 > 0). As the
correlation time 7 increases, the slope initially steepens. However, at 7 = 0.0275 the
mobility becomes strictly negative (uo < 0), indicating the onset of absolute negative
mobility. This demonstrates that, within the evaluated parameter regime, ANM is
manifested solely due to the presence of non-zero memory. Note that the characteristic
times associated with the particle dynamics, such as the Langevin time 71, = 0.907
and the period of the driving T ~ 1.09, are two orders of magnitude longer than the
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memory time 7 for which ANM occurs. The absolute negative mobility phenomenon
induced exclusively by very short memory has not been previously reported.

To understand the origin of this memory-induced ANM, let us apply the effective
mass approach to the considered non-Markovian model. For the exponentially decaying
memory kernel, the mass correction with the second order term reads

2
Am =1+ T

—— (5.2)
[see Eq. and recall that in the considered scaling the friction coefficient v reduces
to unity]. The emergence of the negative mobility in the original non-Markovian system
should thus be accompanied by a similar effect in the Markovian model with an effective
mass. This is confirmed in Fig. .2 which compares the po(7) curves obtained for the
original Eq. and the approximate model described by Eq. (EM]). The effective
mass approach yields correct results for 7 < 0.01. For longer memory times, the
quantitative agreement diminishes, but the qualitative behavior remains consistent.
Crucially, in both models there is a range of memory times 7 (corresponding also to
mass corrections Am) for which po(7) < 0. Consequently, the emergence of ANM in
the non-Markovian system can be explained by the presence of a similar phenomenon
in the approximate Markovian model with an effective mass.

The results show that even very short memory can radically change the behavior
of a physical system and lead to counterintuitive phenomena, such as the absolute
negative mobility. This fact must be contrasted with the common assumption that the
presence of short memory can be safely neglected and no memory effects are expected
to be observed. In this section I demonstrated that the Markovian approximation must
be applied with special caution and some corrections, such as those appearing in the
effective mass approach, may be necessary to take into account the effects of short
memory.

5.2 Memory-induced current reversal

Average directed transport is fundamentally prohibited in spatially symmetric systems,
in which every trajectory is accompanied by its counterpart with an opposite velocity,
causing their contributions to the net transport to cancel out [84]. While in Sec.
the spatial symmetry was broken by the constant bias f, in the absence of this external
force asymmetry may instead be introduced through the potential V().

A classic example of such an asymmetric landscape is the ratchet potential Vi (x),
characterized by alternating steep and gentle slopes [see Eq. and Fig. 3.1|(b)].
The direction of transport in such ratchet systems is typically difficult to predict a
priori and current reversal, i.e., a change in the direction of motion, can be observed
upon variation of parameters characterizing, e.g., the potential profile [85, 86|, external
forcing [87, |88] and thermal noise intensity [89).
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Figure 5.3: Average velocity of the particle (v) as a function of the memory time 7
for the non-Markovian system modeled with Generalized Langevin Equation (GLE))
and its Markovian counterpart with effective mass described with Eq. . Figure
reproduced from Ref. [D5].

Ratchet potentials are frequently employed to model intracellular transport, where
biological motors navigate on asymmetric substrates (microtubules) [45]. Given that
the intracellular environment is viscoelastic, the dynamics of these motors is expected
to exhibit memory effects [90]. In this section, I demonstrate that memory serves as a
critical factor influencing the direction of the motor’s motion. Specifically, I show that
in a correlated environment, the net transport of Brownian particles can be opposite
to that in its memoryless counterpart [D5].

To model the asymmetric landscape, I utilize the potential Vi(z) [see Eq.(3.2)].
Since the spatial symmetry in this potential is already broken, the presence of a constant
bias is no longer necessary to observe directed transport, therefore I consider the case
f =0. In this section, I adopt the following parameter regime:

m=0.525, a=17, w=11, D =1073, (5.3)

for which in the memoryless limit 7 — 0 the particle’s average velocity is positive,
ie., (v) > 0. Figure illustrates the influence of memory on particle transport
by plotting (v) against the memory time 7. In the memoryless limit, the current is
positive and remains so for 7 < 0.03. However, as T increases, (v) changes sign, clearly
demonstrating the current-reversal effect.

The physical origin of this phenomenon can be elucidated through the effective mass
approximation. As shown in Fig. [5.3] current reversal also emerges in the Markovian
counterpart of the studied system when the bare mass m is replaced by an effective
mass m* = m — Am, where Am is again given by Eq. . Specifically, the figure
reveals an overlap between the dynamics of the original model and that in the effective
mass approach. This indicates that memory effectively reduces the mass of the system,
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Figure

Figure reproduced from Ref. [D5].

pushing it into a parameter regime where the current-reversal phenomenon naturally
arises.

The memory-induced current reversal effect can be further understood by analyzing
the particle trajectories in the phase space of the system. For each trajectory, one can
calculate the period-averaged velocity v(t) according to Eq. . The net average
velocity of the particle can then be expressed as the long-time limit of the ensemble-
averaged v(t) [91], i.e.,

(v) = lim (v(1)).

t—o00

Fig. , presents the probability distribution P[v(t)] in the long-time limit for the
memoryless model. The velocity v(t) is distributed around three distinct values corre-

(5.4)

sponding to the attractors present in the deterministic system with 6 = 0: two running
solutions v4 = +w/(27), in which the particle covers one spatial period per driving
cycle T, and a locked state vy = 0, where the particle’s motion is confined to a single
potential well.

In the presence of thermal noise, the particle randomly switches between these
states, however, in the long-time limit, the probability distribution P[v(t)] converges
to a time-invariant measure. Fig. [5.5] displays the occupation probabilities Py and Py
corresponding to the states vy and vy as a function of the memory time 7. In the
memoryless limit, the majority of trajectories occupy the positive velocity state v,. As
T increases, the negative velocity state v_ quickly becomes more populated, eventually
saturating at P_ = 1. At this point, the probability of escaping the v_ state becomes
negligible. This reveals the mechanism behind the emergence of the current-reversal
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phenomenon: it is rooted in a memory-induced dynamical localization effect |92} 93],
wherein all system trajectories are funneled into the negative velocity attractor as the
correlation time grows.

The presented phenomenon reveals another aspect of the possible influence of short
memory on the system dynamics. Namely, even though in the short-memory regime the
character of the underlying attractors remains identical to that in the memoryless case
(at least with respect to the period-averaged velocity), their occupation changes, which
affects the direction of the net transport. Remarkably, a similar scenario is observed in
a corresponding memoryless setup upon variation of the system mass, confirming the
validity of the effective mass approach.

5.3 Memory-controlled random bit generator

A standard assumption in the analysis of non-Markovian systems is that the memory
time characterizing the surroundings remains constant. There are, however, setups
whose properties can be modified with external stimuli, such as light [94H96] or an
electric field [97]. This capability allows the characteristic quantities, such as fluid-
ity and memory time, to be tuned “on the fly,” converting them into active control
parameters. The ability to modify the system properties on demand opens up new
possibilities for steering the dynamics of immersed microscopic objects. In this section,
I propose a setup that leverages the tunable viscoelasticity to control the generation
and storage of binary information [D6|.

Specifically, I present a system in which the memory time characterizing the thermal
bath dictates whether the particle resides in one of two stable states representing
bits of information or enters a chaotic regime where previous information is erased
and a new bit value is generated. Traditionally, such information is encoded in the
spatial position of a Brownian particle within a double-well potential, where each well
represents a distinct logical state [98]. In contrast, the methodology presented here
encodes information in the period-averaged velocity v(t), which can assume either
positive or negative values. I adopt the convention that these states correspond to
logical “1” and “0” bits, respectively.

To ensure that both bits are equally probable, I consider a symmetric model featur-
ing a sinusoidal potential Vs(z) and no external bias f = 0. While the macroscopic net
transport in such a system strictly vanishes, the binary information is instead carried
by the velocity of a single particle. For an individual particle, the spatial symmetry
can be broken by the choice of initial conditions, namely its position z(0), velocity
v(0), and the initial phase of the driving force a cos(wt). Unless stated otherwise, the
following parameter set is utilized throughout this section:

m=1, a=8, w=>5 60=107" (5.5)

though the underlying operational principle remains general.
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Figure 5.6: (a) “Bifurcation” diagram of the period-averaged velocity v(t) as a func-
tion of the memory time 7. Panels (b) and (c) depict exemplary trajectories for the
bistable (7 = 0.01) and chaotic (7 = 0.1) regimes, respectively. Figure reproduced

from Ref. .

The analysis begins with a “bifurcation” diagram of the period-averaged velocity
v(t) as a function of the memory time 7, presented in Fig. |5.6(a). This diagram
was generated by solving the equations of motion for various initial conditions and
realizations of the thermal noise 7(t) over 103 periods of the driving force T. The period-
averaged velocity v(t) was subsequently calculated for each trajectory by averaging the
instantaneous velocity v(t) over the final driving period.

For short memory times 7 < 0.02 (including the memoryless limit 7 = 0), the
period-averaged velocity converges to two discrete values, vo. = +w/(27) ~ £0.8, which
are slightly broadened by the presence of thermal noise. This bimodal distribution
arises because v(t) is strictly periodic with period T [see Fig. 5.6(b)]. The values
v4 correspond to stable running solutions where the particle advances by exactly one
spatial period of the potential Vs(x) during each driving cycle, moving in either the
positive or negative direction. The absence of intermediate points indicates that noise-

induced switching between these attractors is exceedingly rare.

In stark contrast, for 7 = 0.05, the period-averaged velocity spans nearly the entire
continuous range between —1.8 and 1.8. In this regime, the instantaneous velocity v(t)
becomes aperiodic [see Fig. [5.6(c)], causing its period average to fluctuate significantly
depending on the initial conditions and the specific observation window. Consequently,
this system perfectly fulfills the operational requirements for a random bit generator.
Namely, in the short-memory regime, the particle reliably settles into one of two stable
states representing values of an information bit. For longer memory times, the velocity
dynamics loses the regularity, allowing this chaotic state to be exploited as a generator
for random bit values.

The operational protocol of the proposed random bit generator is illustrated in

43:1905297831
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Figure 5.7: Time evolution of the period-averaged velocity v(t) under periodic switching
of the memory time 7 between 0.01 and 0.1 every 100 periods of the driving force T.
The corresponding bit sequence is “10110100”. Figure reproduced from Ref. .

Fig. The memory time 7 is periodically switched every 100 periods of the driving
force T between 7 = 0.1 (the “chaotic state”) and 7 = 0.01 (the “bistable state”).
Consequently, the period-averaged velocity v(t) alternates between irregular behavior
and one of the two stable states vo. As demonstrated in Ref. , the successive bits
generated by this process are statistically random provided the generation time exceeds
5T. Furthermore, I have confirmed that the bistable behavior for 7 < 0.02 remains
robust as long as the noise intensity satisfies # < 0.02, a threshold corresponding to
the effective energy barrier separating the bistable attractors.

The presented methodology provides a general operational principle for designing
similar systems for storing and processing information on a microscopic scale. Besides
the period-averaged velocity, the information may also be stored in other dynamical
quantities, such as the angular velocity for rotary objects. The method can be applied
whenever the dynamics changes from regular to chaotic upon variation of the memory
time. In the short-memory case, the suitable parameter regime can also be found by
analyzing the approximate memoryless model with the effective mass.

44:6492654089



6 Concluding remarks

The dynamics of physical systems is inherently non-Markovian, which frequently stems
from the reduction of the number of degrees of freedom describing either the system
or its surroundings. This fact is especially pronounced at the mesoscopic level, where
the interaction of the system with its environment lies at the core of the observed
phenomenology. Although it is frequently assumed that the Markovian approximation
neglecting any temporal correlations is justified when the memory time is significantly
shorter than the characteristic times associated with the system dynamics, it remains
unclear what degree of time scale separation is required for its validity. In this disserta-
tion, I have focused on characterizing the short-memory regime and demonstrated that
even short temporal correlations may have pronounced impact on the system dynamics.

First, I showed that the behavior of systems with short memory is approximately
equivalent to that of memoryless setups with an adjusted mass. The presented effective
mass approach simplifies the parameter space of the model and reduces the number
of equations of motion required for its description, which effectively enables a more
thorough analysis, especially with the use of computational methods. Furthermore, this
novel methodology offers an intuitive interpretation of the origin of various memory-
induced effects, as similar phenomena occur in memoryless setups upon variation of
the system mass.

Building upon this new theoretical framework, I demonstrated that memory can
play a pivotal role in transport at microscopic scale, as its presence may reverse the
direction of motion of Brownian particles in periodic potentials. Notably, such rever-
sal may occur even when the memory time is two orders of magnitude shorter than
the characteristic times associated with the system dynamics. These findings show
that even when these time scales appear clearly separated, the memory effects may
nevertheless remain remarkably pronounced. This means that the frequently applied
Markovian approximation should be applied with special caution. Future research
could investigate how memory affects the emergence of directed transport, i.e., whether
its presence may be necessary for the directed motion to occur. Moreover, the impact
of anticorrelations arising when the memory kernel takes negative values remains to be
determined.

Furthermore, I showed that the sensitivity of the system dynamics to the character-
istics of its thermal bath provides an opportunity to control the system by tuning the
memory time. In particular, I proposed a setup, in which the memory time acts as a
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control parameter for the generation and storage of information bits. In the presented
methodology, information is stored in the period-averaged velocity of a Brownian par-
ticle, however, this operational principle can be generalized to other observables, given
the broad class of universality of Brownian motion. The presented results demonstrate
that the ability to manipulate the memory time, already attainable experimentally,
opens doors to novel applications and provides new possibilities for the engineering
of microscopic systems. Further studies could elaborate similar methodology in the
overdamped (inertialess) limit, which is frequently the focus of experimental research.

Collectively, the findings presented in this dissertation demonstrate the importance
of short-time correlations in the dynamics of mesoscopic systems. All the presented
findings can be verified experimentally e.g. in a setup consisting of colloids immersed
in a viscoelastic medium and manipulated with optical tweezers, but the results can be
generalized for a broad class of problems, given that the dynamics of Brownian particles
is of fundamental meaning in physics, chemistry, biology and engineering. Ultimately,
since “non-Markov is the rule, Markov is the exception,” as Nico van Kampen famously
noted [6], memory occurs universally in all these fields. The recent advancements in

the field of non-Markovian dynamics (see [references in the Introduction|) suggest that

there is still a wealth of phenomena awaiting discovery, and accounting for the memory
effects will deepen our understanding of nature.
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Effective mass approach to memory in non-Markovian systems
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Recent pioneering experiments on non-Markovian dynamics done, e.g., for active matter have demonstrated
that our theoretical understanding of this challenging yet hot topic is rather incomplete and there is a wealth
of phenomena still awaiting discovery. It is related to the fact that typically for simplification the Markovian
approximation is employed and as a consequence the memory is neglected. Therefore, methods allowing to
study memory effects are extremely valuable. We demonstrate that a non-Markovian system described by
the Generalized Langevin Equation (GLE) for a Brownian particle of mass M can be approximated by the
memoryless Langevin equation in which the memory effects are correctly reproduced solely via the effective
mass M* of the Brownian particle which is determined only by the form of the memory kernel. Our work
lays the foundation for an impactful approach which allows one to readily study memory-related corrections to

Markovian dynamics.

DOI: 10.1103/PhysRevE.109.044116

I. INTRODUCTION

The role of memory in dynamics of systems is an is-
sue which seems to attract everlasting activity in multiple
contexts reaching even far beyond the scope of physics.
Recent renaissance of this conundrum is attributed to ac-
tive matter [1-6], spin glasses [7], protein-folding kinet-
ics [8], random walk theory [9-12], search strategies [13,14],
animal mobility [15], nonlinear fluctuation-dissipation rela-
tion [16], quantum stochastic processes [17,18], quantum
simulations [19,20], and tomography [21], to name a few. Un-
derstanding the role of memory in physics therefore appears
both as a hot topic and a major challenge.

The origin of memory in system dynamics is typically
related to its complexity, in particular due to a large number
of degrees of freedom. It may be an effect of properties of
the system itself such as viscoelasticity [22—26] or emerge as
a result of interplay with environment such as hydrodynamic
interactions between the system and the surrounding fluid in
its immediate vicinity [27-29]. It can result also from either
external or internal nonequilibrium noise [30-33].

The emanation of memory is typically assisted by the
emergence of correlated thermal fluctuations. However, to
simplify the system one often employs the Markovian ap-
proximation in which they are modeled as the §-correlated
Gaussian process and consequently its dynamics is described
by the memoryless equation. However, this idealization has
little in common with physical reality. In particular, even at the
deep fundamental level of quantum realm energy of the sys-
tem coupled to thermal vacuum diverges when the Markovian
approximation is imposed [34]. Consequently, “non-Markov
is the rule, Markov is the exception” [35].

“jakub.spiechowicz @us.edu.pl
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Markovian dynamics is in principle completely character-
ized if the transition probability distribution and the initial
state of the system is known. In contrast, non-Markovian
dynamics is completely described by an infinite set of
multidimensional probability distributions which cannot be
determined from the lower-dimensional ones. This fact reveals
that analysis of non-Markovian systems is much more difficult
to handle even for selected cases. Moreover, it explains why
recent pivotal results on dynamics with presence of memory
have been often first discovered with pioneering experiments
and only later explained theoretically. Therefore, methods al-
lowing to investigate memory effects are extremely valuable
since our understanding of the non-Markovian dynamics is
rather incomplete and there is a wealth of phenomena still
awaiting discovery.

To address this urgent problem, we consider the GLE
formalism as a universal framework for investigating the non-
Markovian dynamics. For a Brownian particle of mass M
subjected to a potential U (x,t) and driven by thermal equi-
librium fluctuations 7(¢#) modeled as a zero-mean stationary
Gaussian process the GLE reads [32]

Mi)(t)—{—l"/ K(t —s)v(s)ds = =U'(x@),t) + n@), (1)
0

where x(¢) is a position of the particle at time ¢, v(¢) = x(t)
is its velocity and I' stands for the dissipation constant (the
friction coefficient). The correlation function of n(¢) is related
to the memory kernel K (¢) characterized by the memory time
7. via the fluctuation-dissipation theorem [36],

(n()n(s)) = TkgTK(|t — s1), (@)

where kp is the Boltzmann constant and 7 is temperature
of the system. Due to this relation the memory time 7. is
equivalent to the correlation time of thermal fluctuations. We
note that Eq. (1) assumes the bilinear coupling between the

©2024 American Physical Society
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system and thermostat and is no longer valid if a nonlinear
interaction takes place [37].

Despite several decades of studies in the GLE frame-
work its memoryless version, which nevertheless captures
the memory-induced properties of the system, has not been
proposed. Our paper is therefore first of its kind to demon-
strate that the effects of short memory in non-Markovian
dynamics (1) can be absorbed solely into effective mass of
the particle in the corresponding memoryless equation for
which the joint process {x(¢), v(¢)} is Markovian. Moreover,
our approximation is applicable for a wide class of integrable
memory kernels K (¢) [38], including, e.g., both the power law
(with the exponent larger than 2) and the Gaussian decay.

In contrast, another approach to the GLE is to use the
Markovian embedding [39-42] of the dynamics into the mul-
tidimensional Markovian process, in which the evolution of
the pair {x(¢), v(¢)} is, however, still non-Markovian. More-
over, this procedure is exact only for a few selected cases
while for the others it is a nonunique approximation. If, e.g.,
K@)~ (14+1t/t.)"%, then one has to consider the infinite-
dimensional Markovian process [43] whose analysis is as
complicated as the starting non-Markovian one. It can be
handled only by arbitrary truncation of the problem dimen-
sionality and therefore the question on the impact of finite
dimension effects on the so obtained results always arises.
However, if, e.g., K(t) ~ exp [—(t/rc)z], then the Markovian
embedding is impossible.

We note that the idea behind our scheme is similar to the
effective mass approach [44,45] frequently encountered in
condensed matter physics. There it describes the mass that
the particle (e.g., electron) seems to have under influence of
external fields or interactions with other entities. It often helps
to radically simplify a complicated system by modeling it
as the free particle with the effective mass. Here, the latter
allows one to replace complex non-Markovian dynamics with
much more straightforward Markovian one which, however,
still takes into account the memory effects.

The paper is organized as follows. In the next section we
derive the effective mass approach for a system described
by the GLE. In Sec. III we validate this new method for a
fundamental problem of nonequilibrium statistical physics,
namely, transport of a driven Brownian particle in a periodic
potential and discuss its limitations. Finally, Sec. IV provides
a summary and conclusions.

II. EFFECTIVE MASS APPROACH

The standard Markovian approximation to the GLE is ob-
tained for the case

K(t) = 258(¢). 3
Then Eq. (1) is reduced to the memoryless form
M)+ Tu(t) = =U'(x, 1) + §(0), “

where zero-mean thermal noise £ (¢) is a §-correlated Gaussian
process (white noise),

(§(@)E(s)) = 2TkpT (1 — ). &)

It means that the memory effects are completely neglected.
We want to propose a more refined method for the situation

when the memory time (or the correlation time of thermal
fluctuations) is short but nonzero. The similar case appears,
e.g., in investigation of the overdamped dynamics when for-
mally the dimensionless mass of the particle is zero and the
strong damping regime for which it is small but nonzero; see
Ref. [46].

In the following, we consider a class of integrable memory
kernels K (t) for which

/OOK(t)dt =1, footK(t)dt is finite. (6)
0 0

The first integral is related to the finite dissipation (damping)
strength, see Eq. (4.17) in Ref. [47], whereas the second one
refers to the finite memory time, see Eq. (4.18) in Ref. [47].
By virtue of the relation (2) thermal noise correlation function
should decay sufficiently fast in the long-time limit t — oo,
at least as fast as K(¢) ~ 1/t>*¢ for a certain € > 0. Examples
of such cases are the exponential (the Drude model), Gaussian
and algebraic decay with the exponent larger than two [48], to
name only a few. Let us mention that similar integrability con-
ditions for the thermostat correlation functions are imposed
in the mathematical theory of the weak coupling limit for
quantum open systems [38].

We redefine the function K (¢) to note explicitly its depen-
dence on the memory time 7., namely,

1
K(t) = —K*(t/.). )
We observe that if K(¢) is normalizable to unity then it is so
also for K*(t). Moreover, K(¢) is the Dirac § sequence on
the interval (0, co) and in the limit 7, — 0 Eq. (1) reduces
to Eq. (4).

A. Time domain

The integral term in the GLE (1) can be rewritten as

I =/ K(s)v(t — s)ds

0

1 /t K*(s/t.)v(t — s)ds
Tc Jo

t/t.
/ K*(u)v(t — t.u)du. ®)
0

For short but nonzero memory time 7. # 0, when the memory
kernel K () decays rapidly, we expand the function v(t — 7 .u)
into a Taylor series

v(t — tou) ~ v(t) — tuv(t) )

and neglect the terms of the order higher than 7.. Conse-
quently, the leading term in Eq. (8) reads

I~ v(t) — et (1), (10)

where the dimensionless parameter ¢ is given by the relation

82/ uK*(u)du, (11)
0

for which we extended the upper limit of integration to infin-

ity provided that 7, is sufficiently small, i.e., f(;/ “F(u)du ~
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fooo F(u)du for any function F(u). Finally, the original
GLE (1) is approximated by the Langevin equation

M — et.T)o(t) +To@t) = —U'(x,t) +n@t). (12

Here, the dissipative term proportional to v(¢) reads I'v(t)
for which the corresponding memory kernel is expressed by
the Dirac § function. By virtue of the fluctuation-dissipation
relation (2) one finds that thermal noise 7(z) in such a case
is §-correlated and the original GLE is approximated by the
following equation:

M*0(t) + To@) = =U'(x,t) + £(@1), (13)

where &(¢) is white thermal noise obeying the fluctuation-
dissipation relation given by Eq. (5).
The effective mass of the particle is identified as

M :M—er‘:M(l —83) (14)
L

Equation (13) means that the non-Markovian dynamics with
short memory time can be approximated by the much simpler
corresponding Markovian one but with the effective mass of
the system. We note that the latter depends on the ratio of
two characteristic times t./t;, where 7, = M/T" stands for
the well-known velocity relaxation time of the free Brown-
ian particle. Moreover, this ratio needs to satisfy the relation
7./t < 1/e so that the effective mass is positive M* > 0.
Otherwise, the system is nondissipative and various unphysi-
cal effects such as an increase of the particle energy to infinity
as time grows may emerge. In particular, for the strict white
noise limit 7, — 0 the effective mass is equal to the actual
mass M* = M, whereas, e.g., for an exponentially decaying
kernel

1
—e ! (15)

¢

K@) =

the parameter ¢ = 1 and the effective mass is
T
M*=M<]__)’ (16)
L

while for the Gaussian decay

2
K(t) = ——=e /%7, (17)
T

T

the parameter ¢ = 1/,/7 and the effective mass is larger,
N 1 7.
M :M(l———). (18)

B. Frequency domain

We transform the GLE (1) from the time domain ¢ to the
complex valued frequency domain z. Because the memory
term is the convolution of two functions its Laplace transform
L is the product of the Laplace transforms of the individual
functions. We focus on the left hand side L of the original
GLE (1) for which

L{L}(z) = E{Mi)(t) + F/ K(t —s)v(s)ds}(z)
0

= MzL{V}(z) + TL{K}(2)L{v}(2), (19)

0.14
’\
II
II
0.12 /’\\//
0.1 |- _
§
0.08 _
0.06 - —— GLE _
---- eff. mass
7T—0
0.04 - ‘
0 0.03 0.06 0.09

T

FIG. 1. The average velocity (d) of a Brownian particle as a
function of the correlation time t for f = 0.1 obtained from (i) the
GLE (33), (ii) the effective mass approach (35) and (iii) the standard
Markovian approximation T — 0 when m* = m. The parameters are
m=1l,a=15w=4,f=0.1,D=1073}.

where for any function F ()

L{F}(z) = / ~ F(t)e @dt. (20)
0

The Laplace transform of the memory kernel reads

E{K}(z):/ iK*(t/‘rc)e_z’dt
0o T
= /OOK*(u)e_"'z“du
0

= /OOK*(M)[I — T.zu+ ...]du
0

~ 1 —et.z, 2D

where ¢ is defined in Eq. (11) and as previously we neglected
terms of the order higher than 7, provided that it is small.
Inserting this formula into Eq. (19) gives

L{L}(z) = M — et .T)z2L{v}(z) + T L{v}(2). (22)

The inverse Laplace transform corresponds to the left-hand
side of Eq. (13). This method gives another interpretation of
the effective mass. Since the memory kernel K(¢) character-
izes the two-point correlation function of thermal fluctuations
its transform L£{K}(z) is related to their power spectrum. We
therefore infer that the leading small frequency correction to
the Markovian approximation of the GLE is the effective mass
M =M —¢et . I =M —et./71).

III. VALIDATION AND LIMITATION

It is often argued that if 7. is much smaller than other
characteristic timescales in the system the impact of memory
is negligible and the Markovian approximation 7. — 0 can
be applied. It allows one to radically simplify the underly-
ing analysis. However, we now demonstrate that even when
7. # 0 is the smallest timescale of the system, naive use of the
Markovian approximation t, — 0 can give completely wrong
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results as the influence of short memory may be still promi-
nent. In contrast, we show that our scheme offers the same
advantages as the Markovian approximation but the impact
of short memory can be absorbed into the effective mass M*
of the system and consequently it yields correct predictions.
To validate our approach we compare three results obtained
from: (i) Eq. (1) for small 7, > 0, (ii) the effective mass
method (13) with M* < M, and (iii) the standard Markovian
approximation 7, — 0 when M* = M.

We limit ourselves to the situation in which the standard
method of the GLE handling in the form of the Marko-
vian embedding is exact, so that the results obtained in this
way can serve as a reference for validation of the effective
mass approach. The simplest case meeting this require-
ment is the exponentially decaying memory kernel K(t) =
1/7. exp (—t/z.) for which the Markovian embedding allows
one to convert the original GLE (1) into a set of ordinary
stochastic differential equations [32]. Let us define the aux-
iliary stochastic process w(z) via the relation

r ( _,.

w(t) = —/ e~y (s) ds. (23)
Te Jo
Then Eq. (1) is transformed into the equivalent form

Mo(t) = =U'(x(t),t) — w(t) + n(t), (24a)
x(t) = v(), (24b)
w(t) = —iw(t) + TEU(t), (24c)

1 1
n) = ——n@)+ =§@), (24d)

T T

where the zero-mean Gaussian white noise &£(f) obeys
(E(1)&(s)) = 2T kT 6(t — s) and the last equation of this set
describes the Ornstein-Uhlenbeck noise with the exponential
correlation function.

As a system of interest we pick a driven Brownian particle
in a periodic potential. For such a case the potential reads

Ux,t) =Vysin(Qmx/L) — [Acos (Q2t) + Flx, (25)

where Vj is half of the barrier height of the periodic potential
with the spatial period L. A cos (€2t) represents the external
driving of amplitude A and angular frequency 2 while F is a
static bias which breaks the spatial symmetry of the system
and induces the directed transport. This model constitutes
a fundamental problem of nonequilibrium statistical physics
appearing in numerous contexts including normal and anoma-
lous transport [49-56]. The quantity of interest for a present
study will be the average velocity of the Brownian particle
reading

1 t
(v) = lim —
t—oo 0

(x(s))ds, (26)

where the brackets (-) indicate the average over the initial
conditions and realizations of thermal noise 7(t). The former
is mandatory for the deterministic dynamics when ergodicity
of the system may be broken and the results can be affected
by the specific choice of initial conditions [57,58].

The set of ordinary stochastic differential equations (24)
with a nonlinear, time-dependent potential given by Eq. (25)

1.4 ‘
— GLE
1.2 b ==== eff. mass d
T—0 /
1 - —
0.8 |- |
g

0.6 |- |
0.4 | |
0.2 |- |

O | 1 | |
0 0.2 0.4 0.6 0.8 1

f
FIG. 2. The average velocity () of the Brownian particle as a

function of the static bias f for T = 0.025. Other parameters are the
same as in Fig. 1.

cannot be solved analytically. For this reason we had to resort
to numerical computations using CUDA environment on mod-
ern desktop graphics processing unit. This approach allowed
us to accelerate calculations by several orders of magnitude
as compared to standard methods [59]. We employed a weak
second-order predictor corrector algorithm to simulate the
corresponding dynamics.

In doing so we first transformed the GLE (1) into the
dimensionless form. We introduce the dimensionless position
and time

2
B S @7)
Vo
The rescaled potential takes the form
U &, 1) = Vo) — &[acos(wi) + f1, (28)

where

N L L
V() =sin(2rk), a=—A, w=1R, [f= VF,

V() 0
(29)
Thermal noise transforms according to
s Lo
n() = 3-n(wol). (30)
0
The exponentially decaying memory kernel scales as
NN 1 .
R(F—3) = —e =St ¢ = ke 31)
T 70

where 7 is the dimensionless correlation time of thermal fluc-
tuations. Finally, the rescaled mass reads

M

o (32)

With such a choice of length and timescales, the dimension-
less friction coefficient y = 1.

The original GLE (1) describing the non-Markovian dy-
namics after such a scaling procedure is transformed to the
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form

mf)(f)+/ R —H0®)ds = -U' R, 1)+ 7@). (33)
0

The fluctuation-dissipation relation now is

JRPPSORPR 5on A kgT
H@OnE)) =DK(t —35)), D= Vo (34)

0

The corresponding effective mass approach reads
m*H(f) + () = 0", 1) + (D), (35)

where the rescaled effective mass
1

mt=m—-—1=—(1p — 1) (36)

To

is a difference of the dimensionless mass m and the memory
time 7 = t./79. It can be represented also as a difference
of two characteristic timescales 7; and 7, in units of the
third characteristic time 7y = 'L?/V, describing the interval
in which the overdamped particle moves from the maximum
to minimum of the spatially periodic part of the potential (28).
Last but not least, thermal noise is §-correlated, i.e.,

(EDES)) =2D8(F — 3). (37)

The dimensionless average velocity of the Brownian particle
(D) = (1o/L)(v) was averaged over the ensemble of 2!¢ =
65 536 thermal noise realizations as well as the initial con-
ditions x(0) and 9(0) distributed uniformly over the interval
[0,1] and [—2; 2], respectively. Each trajectory of the system
was simulated up to the final time 7, =2 x 10* x £, with
a time step & = 107> x %, where %, = 27 /w stands for the
period of the external driving force a cos (wf).

In the following part of the paper, we consider the ex-
emplary parameter regime: {m =1,a =15, w =4, f = 0.1,
D =1073).

In Fig. 1 we show the average velocity (0) of the Brownian
particle as a function of the memory time t for the static
bias f = 0.1. We compare three results obtained from (i) the
dimensionless GLE (33) via the exact Markovian embedding,
(ii) the effective mass approach with m* < m (35), and (iii)
the standard Markovian approximation 7 — 0 when m* = m.
The first observation is that although the memory time t is two
orders of magnitude smaller than other characteristic times of
the system like T, =m =1 or 7y = 1 the standard Marko-
vian approximation completely fails to predict the average
velocity of the particle (D). One often claims that in such
a case this simplification can be done. This example shows
that it is not true in general and a special caution is needed
even when the memory time 7 is much smaller than the other
timescales. In contrast, the average velocity (v) calculated us-
ing the effective mass approach perfectly follows the solution
obtained from the full GLE up to t ~ 0.07. The correctness
of the effective mass approach is stable over the variation
of the system parameters. In Fig. 2 we present the average
velocity (D) as a function of the static bias f for the memory
time T = 0.025. Again, the studied system in the Markovian
limit v — O fails to correctly predict the behavior of the
non-Markovian system, however, the characteristic obtained
for the effective mass approach perfectly fits the original
curve.

0.12

0.08

0.04 -
— GLE
-=== eff. mass
7—0
0 Ll Ll T R
0.1 1 10 100

t

FIG. 3. Time evolution of the mean velocity averaged over the
external driving period (V) for T = 0.025 and f = 0.1. Other param-
eters are the same as in Fig. 1.

Moreover, this equivalence is not limited only to the
asymptotic long-time state of the system but it is preserved
also in the transient regime. Let us define the velocity aver-
aged over the period T = 277 /w of the external driving force

A 1 +T .
(OB /, 0(s)ds. (38)

In Fig. 3 we show how the velocity (V(f)) evolves from
the initial state of system to its asymptotic regime. The curve
corresponding to the effective mass approach agrees with
the response of the non-Markovian system modeled by the
GLE. This fact must be contrasted with the standard Marko-
vian approximation T — 0 which is not correct in both the
intermediate and asymptotic situation. Finally, we would
like to note that the range of applicability of the effective
mass approach is not restricted to the case of short mem-
ory time 7 <« 1. What matters is the relation of the latter
to the characteristic time describing the velocity relaxation
7, = m. When it is long, i.e., m > 1, then the effective mass
approach can be correct even for the memory time of the
order of the other timescales, e.g., T =~ 7o = 1. In Fig. 4 we
illustrate such a case. The standard Markovian approxima-
tion is defined for t — 0 when the memory time is much
smaller than the other timescales of the system. Therefore,
one would not expect that the non-Markovian system could
be approximated by the Markovian model when it is not
the case. In contrast, we show that the mass correction in
the effective mass approach correctly reproduces the memory
effects in the Markovian model even when the correlation time
7 is of the order of the other characteristic timescales such
as 7.

IV. SUMMARY

In conclusion, we presented an approximation that trans-
forms the non-Markovian dynamics in presence of short
memory into Markovian one which captures the memory-
induced properties of the system. Effects of short memory
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0.102
"""""""""""""""""";.
!
— GLE /
0.098 - -=—- eff. mass / -
=0.094 |-
0.09 |-
0.086
0

FIG. 4. The average velocity (0) of the Brownian particle as a
function of the memory time t for m = 149, a =50, v = 0.2, f =
0.1 and D = 0.01. The effective mass approach is correct up to T ~
Ty = 1.

are reflected there solely in effective mass of the particle
which is determined only by the form of the memory ker-
nel or, equivalently, by the correlation function of thermal

fluctuations. It implies that complexity of the underlying
dynamics can be radically reduced by (i) exploiting the cor-
respondence between the memory and mass correction to
significantly limit the parameter space of the problem and
(ii) transforming the stochastic integrodifferential into the
stochastic differential equation.

This approach works universally for a wide class of in-
tegrable memory kernels provided that the memory time is
much shorter than the characteristic timescale describing the
velocity relaxation. Therefore, our work lays the foundation
for impactful methodology which allows one to study correc-
tions to Markovian dynamics resulting from correlations or
memory in a vast number of systems described by the Gen-
eralized Langevin Equation. These often neglected memory
corrections can radically change the system behavior. Since
the effective mass approach makes investigation of the role of
memory much easier and accessible we expect the emergence
of vibrant follow-up works with insights on non-Markovian
dynamics as well as new memory-induced effects.
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Abstract: Analysis of non-Markovian systems and memory-induced phenomena poses an everlasting
challenge in the realm of physics. As a paradigmatic example, we consider a classical Brownian
particle of mass M subjected to an external force and exposed to correlated thermal fluctuations. We
show that the recently developed approach to this system, in which its non-Markovian dynamics
given by the Generalized Langevin Equation is approximated by its memoryless counterpart but
with the effective particle mass M* < M, can be derived within the Markovian embedding technique.
Using this method, we calculate the first- and the second-order memory correction to Markovian
dynamics of the Brownian particle for the memory kernel represented as the Prony series. The second
one lowers the effective mass of the system further and improves the precision of the approximation.
Our work opens the door for the derivation of higher-order memory corrections to Markovian
Langevin dynamics.

Keywords: non-Markovian; memory; colored noise; correlated fluctuations

1. Introduction

Physical systems exhibiting memory are ubiquitous in nature [1,2]. The examples that
have recently attracted researchers’ interest span from quantum stochastic processes [3,4]
and quantum simulations [5,6] to spin glasses [7], active matter [8-13], protein-folding
kinetics [14], and even animal mobility [15]. The dependence of the system’s present state
on its past is usually a consequence of its complex nature, as is the case in e.g., viscoelastic
setups [16-19], but the time-nonlocality may also originate from the interactions of the
system with its environment and manifest as e.g., hydrodynamic memory [20-22].

Dynamics of systems with memory is often modeled by non-Markovian stochastic
processes and, in general, their complete characterization requires knowledge of an infinite
set of multidimensional probability distributions. In contrast, describing Markovian sys-
tems requires only information on their initial state and a transition probability distribution,
which makes their analysis radically easier. It is tempting to describe a complicated non-
Markovian setup with its Markovian simplification; however, merely erasing the memory
from the model does not allow us to track the effects related to the non-Markovian character
of the physical system. The choice is therefore between a more complete model that is
generally impossible to analyze and its simplification, which may not include the key
features of the original setup.

It is worth mentioning two papers [23,24] on the problem of correspondence between
a non-Markovian process with memory and its Markovian memoryless counterpart. Un-
fortunately, the exact results are obtained only for linear systems (a free Brownian particle
and a harmonic oscillator, which both are Gaussian processes). In these cases, the original
process with memory can be replaced by a nonstationary Markovian one, but these two are
not equivalent from the perspective of the theory of stochastic processes.

Recently, a new approximation method has been proposed, namely the effective mass
approach [25], which is a compromise between these two limiting cases. In this method,
the original model is reduced to a Markovian one that nevertheless captures the memory
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effects of the original non-Markovian system. The remnants of the memory are reflected in
the effective mass of the memoryless setup.

A paradigmatic model of a system with memory is a Brownian particle exposed to
correlated thermal fluctuations. The dynamics of such a setup can be described with a
Generalized Langevin Equation (GLE), in which the memory is characterized by a integral
damping kernel [26]. The form of the kernel determines the dissipation experienced by
the particle and the correlation of thermal noise acting on it. For example, in Maxwell’s
model of viscoelasticity, the kernel is represented as an exponentially decaying function
characterized by a single relaxation time [19]. This model can be generalized to a sum of
exponentials with multiple characteristic times so that it can serve as an approximation for
other memory profiles. The GLE with this kernel can be represented as a multidimensional
Markovian problem via the Markovian embedding procedure [27-29]. In this article, we
develop the effective mass approach starting from the Markovian embedding technique. In
doing so, we derive not only the first-order memory correction to the memoryless dynamics,
as was the case in the original work [25], but also the second-order one.

The paper is organized as follows. In Section 2, we describe the model of interest,
namely a Brownian particle in a correlated thermal bath. In Section 3 we derive the first-
order correction to the approximate equation that allows us to track the memory effects
with a Markovian model. Next, in Section 4 we derive the second-order correction. Section
5 contains their validation. Finally, we summarize the results in Section 6.

2. Model

We consider a Generalized Langevin Equation describing the dynamics of a Brown-
ian particle of mass M exposed to correlated Gaussian thermal fluctuations #(t), which
reads [26]

Mo(t) = —F/OtK(t—s)U(s)ds—i-G(x,t) +n(t), 1)

where T is the friction coefficient, K(t) is the memory kernel, G(x, t) is an external deter-
ministic force and the dot represents the derivative with respect to time ¢t. According to
the fluctuation—dissipation theorem [30], the kernel K(t) characterizing the memory of the
system is related to the autocorrelation function of thermal fluctuations as

(n(t)n(s)) = TkpTK(t —s), )

where kp is the Boltzmann constant and T is the temperature of the system.
Next, we consider a class of integrable memory kernels K(f) for which

/ K(t)dt =1, / tK(#)dt is finite. 3)
0 0

The first integral is related to the finite dissipation (damping) strength; see Equation (4.17)
in Ref. [31]. The second one refers to the finite memory time; see Equation (4.18) in the same
reference. The specific form of the kernel K(t) depends on the characteristics of environment
and coupling between the thermal bath and the particle. One of the most commonly
encountered dissipation mechanisms appears in Maxwell’s model of viscoelasticity, in
which the particle is coupled to the environment through a spring and dashpot connected
in series [19]. The resultant memory kernel decays exponentially and reads

1
K(t) = —e /T, (4)
Tc
where 7; is the memory time. In complex environments there might be more than one
time scale characterizing the relaxation of the medium. The memory kernel can then be
generalized to a sum of exponential decays, i.e., as the Prony series [32-35]
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N Ci —t/t
K(t) =) ~eF, (5)

i=1 G

where c; are the weights of the constituents of the kernel and, by virtue of the condition in
Equation (3),
ZCI' =1 (6)
i

Such a memory model is also known as the Generalized Maxwell’s model, but it can also
serve as an approximation for other, more complicated kernels [19,22,29,36].

3. Effective Mass Approach

The integro-differential Equation (1) describes the two-dimensional non-Markovian
process {x(t), v(t)}. In Ref. [25], the authors show a method which allows this equation
to be approximated by a much simpler memoryless Langevin one; however, with renor-
malized mass M* of the Brownian particle. The derivation relies on expanding the term
under the integral in Equation (1) into a Taylor series. Then, if the kernel decays sufficiently
quickly, i.e., the memory time 7. is short, higher-order terms in 7. can be neglected, and the
integral can be approximated by two contributions—one proportional to the velocity v(t)
representing the friction, and another proportional to the acceleration 9(t) that introduces
a correction to the particle mass. The resultant equation then reads [25]

M*o(t) = —To(t) + G(x, t) + &(t), )

where ¢(t) is the white noise obeying (&(#){(s)) = 2TkgTé(t —s), and
M*:M—F/ (K()dt = M — AM ®)
0

is the effective mass of the particle which depends on the memory time 7, characterizing
the damping kernel K(t). The approximate Equation (7) describes a two-dimensional
Markovian system {x(t), v(t) }. However, memory effects are not completely neglected, as
they are represented in the mass correction AM.

We show that for the exponentially decaying memory kernel K(t) given by Equa-
tion (4), the same result can be obtained by use of the Markovian embedding technique
[27,29] which allows us to convert the GLE (1) into a set of ordinary stochastic differential
equations. Let us define the auxiliary stochastic process w(t) via the relation

w(t) = Tl/ote_(t_s)/%v(s) ds. 9)
Then, Equation (1) is transformed into the equivalent form
x(t) = o(t), (10a)
Mo(t) = —Tw(t) + G(x,t) +n(t), (10b)
Tw(t) = —w(t) +o(t), (10¢)
e (t) = —n(t) +4(t), (10d)

where the zero-mean Gaussian white noise ¢(t) obeys (¢(t)G(s)) = 2T'kgT 6(t —s) and
the last equation of this set describes the Ornstein—-Uhlenbeck noise with the exponential
correlation function.

We differentiate Equation (10c) to obtain

wab(t) = —w(t) + o(t). (11)
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For w(t), we insert Equation (10c¢), yielding
20(t) = w(t) — v(t) + 7o (t). (12)
Finally, we insert w(t) into (10b) and obtain the equation
(M —T1.)0(t) = —To(t) + G(x, t) + 5(t) + T2w(t). (13)

It is equivalent to the Generalized Langevin Equation (1). Now, we approximate it for
the case of short memory time 7. First, we neglect the last term of order TCZ. Moreover,
in Equation (10d), we take the limit 7. — 0 in order to preserve the correct form of the
fluctuation-dissipation relation in Equation (13) and, consequently, #(t) = ¢(t). Then, the
result assumes the form (7), namely,

M*o(t) = —To(t) + G(x,t) + () (14)
where
M*:MAM:M(lTC) (15)
L

is the effective mass of the particle and 17 = M/T. In the next section, we show that this
method can be generalized to calculate the first- and second-order memory corrections to
the Brownian particle mass for the case of the memory kernel K(t) given in the form of the
Prony series.

4. Memory Kernel in the Form of the Prony Series

We extend the previous analysis to the case when the memory function K(t) is repre-
sented by the Prony series; see Equation (5). In this case, the GLE (1) can be recast into an
equivalent set of N + 2 equations via the Markovian embedding scheme [26]

£(t) = o(t), (162)
Mo(t) = —T Y wi(t) + Glx, ) + L), (16)
Tw;(t) = —w;(t) + cjo(t), (16c)
wit) = —ni(t) + &i(h), (16d)
where w;(t) are auxiliary variables defined as
o [t
w;(t) = —1/ e~ (t=9)/Tiy(s)ds, (17)
T Jo
and 7;(t) are exponentially correlated Ornstein-Uhlenbeck noises
Ci _(t—s)/z
(i(0) =0, (nilt)yj(s)) = 0yThypT e (7577, (18)

Thus, each pair {w;(t), ;(t)} corresponds to one of the elements in the sum defining the
memory kernel, c.f. Equation (5). The terms §;(t) represent independent white noise
processes obeying the relation (¢;(t)¢;(s)) = 26;;TkpTc;é(t —s). It is worth noting that
the Markovian embedding is exact for a memory kernel in the form (5), but it can also be
applied whenever the original kernel can be approximated by a sum of exponentials.

4.1. First-Order Memory Correction

We follow a similar approach to the one described in the previous section. The time
derivative of Equation (16c¢) gives

T (t) = —w;(t) + c;v;(t). (19)
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The term w;(t) can then be eliminated by taking Equation (16¢) into account again, and
therefore w;(t) can be represented as

w;i(t) = cio(t) — c;mo(t) + Ty (t). (20)

If we now assume that all the memory times 7; are short, we can neglect the term propor-
tional to 77 and write
w; (1) =~ c;o(t) — ¢;o(f). (21)

Inserting it into Equation (16b) results in
(M —T) cim)o(t) = —To(t) + G(x,t) + ) _mi(t), (22)
i i

where we used the relation (6). If we want to retain the fluctuation—dissipation relation,
we have to approximate the Gaussian correlated noise using white noise, i.e., ;(t) ~ &;(t),
and the sum of the noise terms yields

Z’?i(f) ~ Zéi(t) = ¢(t). (23)

The approximate Langevin equation will then be the same as Equation (7)
M*9(t) +To(t) = G(x,t) +&(t), (24)

where now the effective mass is

£ M — I )
M* =M — AM; M(l ECZTL> (25)

i

and
AM; =TY ¢ (26)
i

is the first-order memory correction. This means that the memory effects can be reflected
solely as a shift in the particle mass, which is in agreement with the original result from
Ref. [25].

4.2. Second-Order Memory Correction

One can attempt to derive the second-order memory correction using the memoryless
Langevin equation. The first step involves taking a derivative with respect to time of
Equation (21). Combining the result with Equation (16b) gives

w;(t) = c;o(t) — % [rZwk(t) +G(x, t) + Y ()| (27)
k

k

To eliminate the time derivatives of w;, wy and #; we utilize Equations (16¢) and (16d).
Then, after grouping the terms, we obtain a set of N equations with N auxiliary variables

s k Tk 199 k Tk k

—c—+ Zﬂwk = (1 _ o chTi> o(t) — c;To(t) + CITV? Z%(_Uk(t) + gk(t))/ (28)

where 1, = M/T is the Langevin time and the term involving the time derivative of the
external force G(x,t) was omitted, since it is proportional to 77 (we assume that all the
correlation times 7; are much shorter than the Langevin time 77, and are of the same order
of magnitude). This set can also be written in the matrix form as
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(I-A)w =b, (29)
where I is the identity matrix and
T T;
Aj=a;—, a;=c—. 30
ij i 7 i i 7 (30)

M — FZCTI 1+

Moreover, w is a vector of the auxiliary variables w; and b consists of the right-hand side
terms of the set (28). The inverse of the matrix I — A reads

1— Y ifi=j,
(-7 = ﬁ i ] (31)
i k| A ifi # j

Equation (29) can then be solved by calculating (I — A)~'b, and the auxiliary variables

w;(t) read

/T . 1 CiT;
ra )0 T M by

k

w;(t) = cio(t) —em | 1+ E(—me(t) + E&(1). (32)

ﬂ\-—l

After inserting it into Equation (16b) and rearranging the terms, one gets

Tz/TL

1 T
S t) + To(t ZCINGxt 1—%11,{;&1;*@(;7"“) +Z771 . (33)

k

Here, the friction term again reads I'v(t) (see Equation (6)), so to maintain the fluctuation—
dissipation relation we must again use the approximation 7y (t) ~ () (see Equation (23)).
This results in the memoryless Langevin equation

M*o(t) + To(t) = G(x,t) + &(t), (34)

where
M'=M-—-AM, (35)

is the effective mass of the particle and the second-order correction reads

T2

AMQ rZCTZ 1+ m

=AM; +T 2 (36)

T — ZCka

Since we assume that all the correlation times 7 < 77, the mass correction can be simplified

to the expression
2

AMy = AM; +TY. C;l 37)
P L
1

ufopea(ed)

It is worth noting that for 7 < 17, the mass correction AM, is always greater than AM;.

for which the effective mass reads

(38)

5. Verification of the Memory Corrections

Now, we would like to discuss the validation of the above-presented approach to
non-Markovian dynamics. For this purpose, we consider a Brownian particle moving in
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the spatially periodic potential U(x) = Upsin(27rx/L) and driven by the periodic force
A cos(Q)t) as well as the static bias F. The external force G(x, t) thus reads [37-39]

G(x,t) = —U'(x) + Acos(Qt) + F, (39)
where the prime represents the derivative with respect to the position x. Moreover, we

choose the simplest case of the kernel K(t) consisting of a single exponential decay, i.e.,

1
K(t) = —e /T, (40)
Te
which corresponds to N = 1, c; = 1 and 13 = 7¢ in Equation (5). The quantity of prime
interest is the asymptotic long time average velocity of the particle

(0) = lim - [ (i(s))ds, (41)

where the brackets denote averaging over the initial conditions and realizations of the
thermal noise [40].
Following the method described in [25], we introduce new dimensionless variables

X t 0 T L

=1, f= pot o(f) = 7 (), w(f) = 7 w(®), n(f) = 7077(75)/ (42)

where 1y = TL?/Up. The set of Equations (16) with the kernel given by Equation (40) can
then be recast to

#(8) = a(8), (43a)
md(f) = —w(F) — U (£) +acos(wk) + f +7(F), (43b)
tw(F) = —w(F) —o(F), (43¢)
w0 (F) = —(F) + (D), (43d)

where the dimensionless parameters are
m =1 /7, U(X)=sin(2t), a= AL/V), w=Qt,f=FL/Vyand T = 1./7. (44)

The white noise term ¢(f) obeys the relation (¢(F)&(8)) = 2DJ(F — §), where D = kgT/Uj.
The approximate equation in turn reads

m*d(F) +0(f) = —U' (%) +acos(wit) + f + E(F), (45)

where m* = m — Am; (i = 1, 2) is the effective mass of the system and the dimensionless
memory correction reads
Amp =7 (46)

in the first order, and

72 T

Amy = Amy + = T(l + ) 47)
m—T m—T

in the second order. For clarity, we omit the hat over the rescaled variables and write ¢

instead of £, x in place of %, and so on.

To compare the effective mass approach with the first- and second-order memory
corrections, we chose the following same parameter set: m = 1, a = 10, w = 4, and
D = 1073. Then, we implemented a weak second-order predictor—corrector algorithm
[41] and numerically solved the set of Equations (43) and (45) for t € [0, 5% 10%1,,] with a
time step h = 2.5 x 1031, where 7, = 27t/ w is the period of the dimensionless driving
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force a cos(wt). The particle’s velocity was then averaged over the last 10007, time units as
well as 218 realizations of the thermal noise and initial conditions x(0) and v(0) distributed
uniformly over the intervals [0, 1] and [—2, 2], respectively. To parallelize the calculations,
the simulations were performed on modern Graphics Processing Units, which shortened the
computational time by several orders of magnitude compared to the traditional approach
involving Central Processing Units [42].

Figure 1 shows the average velocity (v) as a function of the correlation time 7. The
solid blue curve represents the numerical solution of the original GLE (set (43)). The
dependence of (v) on T is non-monotonic, but in general, the value of the average velocity
is greater in the presence of memory 7 € (0,0.04) than in the memoryless limit T — 0
(light-blue dotted curve). This means that the naive Markovian approximation obtained for
T — 0 does not correctly reproduce the dynamics of the particle.

I
0.025 - — GLE

==== 1st order A

—-—- 2nd order i

0.02 e 750 i
0.015

=
0.01
0.005
0 ! ! !
0 0.01 0.02 0.03 0.04

T

Figure 1. Average velocity (v) of the Brownian particle as a function of the memory time 7 for the
original GLE and the approximate equation with first- and second-order correction. The memoryless
limit T — 0 is also depicted for reference.

The effects of short memory can, however, be reproduced in the memoryless Langevin
dynamics (45) with a properly modified particle mass. The red dashed curve shows the
solution of Equation (45) for the same set of parameters and the mass correction given by
Equation (46). For small values of 7, the approximate curve is barely distinguishable from
the original one. When the correlation time increases, the qualitative behavior remains the
same, but the accuracy worsens. For T > 0.025 the mass correction appears to be too small,
and for this reason, the approximate curve “lags” behind the original one.

The quantitative precision of the approximation can be improved by taking into
account the second-order correction to the particle mass. The green dashed-dotted curve
shows the (v) (T) function for Equation (45) with the mass correction given by Equation (47).
Since Amy > Amy, the “lag” is reduced, and the approximate characteristic stays close
to the original curve even for T > 0.025. This means that the second-order correction to
the particle mass extends the range of the values of the correlation time 7 for which the
effective mass approach correctly predicts the dynamics of the system with memory.

6. Conclusions

In summary, in this work, we presented a new derivation of the effective mass ap-
proach to memory in non-Markovian systems that is based on the Markovian embedding
technique. In doing so, we considered a Brownian particle subjected to an external force
and exposed to thermal fluctuations, whose autocorrelation function is given as a sum of N
exponential decays. Such a non-Markovian system described by the Generalized Langevin
equation can be represented as a multidimensional Markovian one upon introducing N
auxiliary variables via the Markovian embedding method. Using this representation, we
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derived the memoryless Langevin equation, in which the memory effects are reflected
solely in the change of the system mass.

First, we showed that the first-order memory correction to the particle mass coincides
with the result of the effective mass approach derived with a different method [25]. Next,
we derived a second-order memory correction that lowers the effective mass of the system.
We verified that both approximations correctly reproduce the dynamics of the original
system as long as the correlation time of the fluctuations is short. Moreover, we showed
that taking into account the second-order memory correction improved the accuracy of the
effective mass approximation.

The approach presented in this article provides an efficient method of studying non-
Markovian dynamics that is often demanding both in terms of analytical and numerical
treatment. The simplified representation of the Generalized Langevin Equation reduces the
computational cost of the numerical analysis of the system with memory and allows for a
more comprehensive exploration of its parameters space. The new method of determining
the effective mass opens the door for the derivation of higher-order memory corrections to
Markovian dynamics.
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Dynamics of non-Markovian systems is a classic problem yet it attracts everlasting activity in physics and
beyond. A powerful tool for modeling such setups is the generalized Langevin equation, however, its analysis
typically poses a major challenge even for numerical means. For this reason, various approximations have been
proposed over the years that simplify the original model. In this paper, we compare two methods allowing us
to tackle this great challenge: (i) the well-known and successful Markovian embedding technique and (ii) the
recently developed effective mass approach. We discuss their scope of applicability, numerical accuracy, and
computational efficiency. In doing so, we consider a paradigmatic model of a free Brownian particle subjected to
power-law correlated thermal noise. We show that when the memory time is short, the effective mass approach
offers satisfying precision and typically is much faster than the Markovian embedding. Moreover, the concept
of effective mass can be used to find optimal parameters allowing us to reach supreme accuracy and minimal
computational cost within the embedding. Our paper therefore provides a blueprint for investigating the dynamics

of non-Markovian systems.
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I. INTRODUCTION

The system dynamics is non-Markovian if it depends not
only on the current but also on its past states or, in other words,
if the system exhibits memory. There are numerous examples
of such setups in nature, including particles in viscoelastic me-
dia [1-7], proteins [8,9], spin glasses [10], and active matter
[11-14], to name just a few. The origin of memory typically
lies in a high complexity of the system, e.g., when it possesses
a large number of coupled degrees of freedom. By virtue of
the fluctuation-dissipation theorem, the non-Markovianity is
assisted by the emergence of correlated thermal fluctuations
[15] but it can also result from nonequilibrium colored noise
[16,17]. Although the non-Markovian character of the ana-
lyzed setups is often neglected, it should be seen as a universal
feature rather than an exception [18]. Even in the simplest
systems in quantum mechanics, the memoryless assumption
leads to the divergence of their energy [19].

A paradigmatic model of a non-Markovian setup is a
Brownian particle subjected to power-law correlated ther-
mal fluctuations. The dynamics of such a system can be
described by an integrodifferential generalized Langevin
equation (GLE) [15,20-24], in which the memory is repre-
sented by an appropriate damping kernel. Analytical solutions
of this equation are known for a free particle and a particle in a
quadratic potential [17,25], however, in other cases it is not at-
tainable and the analysis must rely on numerical simulations.
The latter are problematic unless the memory kernel describes
the exponential decay.

Nowadays, the standard approach to a non-Markovian evo-
lution is known as Markovian embedding, in which it is
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represented as a projection of a higher dimensional Marko-
vian dynamics [26-31]. To the best of our knowledge, the
first implementation of this method dates back to the early
1980s when the Kramers theory was applied to colored
noise [32,33]. Later, it was employed to study numerous
problems, including anomalous diffusion [7,34-36], negative
mobility [37], transport in periodic systems [38], stochas-
tic thermodynamics [39], and heat engines [40] as well as
system-environment correlations [41] and machine learning
non-Markovian evolution in quantum dynamics [42], to men-
tion only a few. In this approach, the original memory kernel
is approximated by a finite sum of exponentials [25]. Then the
central point is the propagation of multidimensional embed-
ded Markovian dynamics in time with known algorithms.

Another recently developed technique known as the ef-
fective mass approach [43-45] relies on transforming the
original non-Markovian GLE into a much simpler Markovian
Langevin equation with a modified mass of the particle. In
this method, the memory effects are reflected solely as a mass
correction in the memoryless equation. This approach can be
applied only when the memory time is short, but in return it
offers a significant advantage of simplicity.

Our goal is to compare these two approaches in terms of
accuracy and computational performance. For this purpose,
we analyze the non-Markovian dynamics of a free Brownian
particle with a power-law memory kernel for which the two
above methods are approximate. We present conditions under
which these approaches are correct and provide a scheme for
setting free parameters of Markovian embedding to achieve
optimal accuracy.

In Sec. II, we present the reference model of a free Brow-
nian particle considered in this paper and the approaches
of interest to its dynamics. In the next section, we present
methods of analysis together with quantities measuring the
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accuracy of the employed schemes as well as their computa-
tional efficiency. Then, in Sec. IV, we compare the approaches
and present our main results. Finally, Sec. V summarizes our

paper.

II. MODEL

Since we want to discuss the advantages and drawbacks
of the Markovian embedding and effective mass approach to
non-Markovian dynamics, in particular, to test their precision,
we consider the simplest model of a system with memory
which can be solved analytically [25]. It is a free Brownian
particle immersed in a medium exhibiting correlated thermal
fluctuations. The dynamics of such a system can be described
with a GLE, which reads

mio(t) + / K(t — wo()du = n(0), )
0

where m is the particle mass, v represents its velocity, and y is
the coupling constant (friction coefficient) between the system
and its environment. The interaction with the medium results
in thermal noise 7(¢) representing a stationary Gaussian pro-
cess of vanishing mean value. The damping or dissipation
kernel K(¢) [46] is characterized by the memory time Tz,
which, by virtue of the fluctuation-dissipation theorem [15],
also describes the correlation time of thermal noise n(t) :

(n(@)n(u)) = ykgTK(|t — ul). 2

We first rescale Eq. (1) to a dimensionless form. For this
purpose, we choose the time, velocity, and position units as

follows:
m kBT
fo=—, vVo=,/——, Xo= Volp, 3)
)/ m

where 1 is the so-called Langevin timescale representing the
characteristic time of the particle velocity relaxation, and vg
is the square root of the thermal velocity. Then we define the
new dimensionless variables as
=L o =20 k=0
0 Vo Xo

“)

For such a choice of the scaling units, the dimensionless GLE
reads

d(@) +/ R — )d(@)da = 7(f), ®)
0

where K(7) = K(t)ty is related to #(f) by the relation
(A@n@)) = K(|f — i]). To simplify the notation, we omit the
hat over the rescaled variables, keeping in mind that we will
work with dimensionless quantities from now on.

A. White noise approximation

If the correlation time 7. of thermal fluctuations is much
shorter than other characteristic times of the system, the mem-
ory effects might be negligible [43] and the GLE [Eq. (5)] may
be approximated by a much simpler Langevin equation,

o) +v(@) = @), (6)

where &(¢) represents white thermal noise obeying
(£(t)&(u)) = 26(t — u). The corresponding memory kernel is
therefore given by

Ky (t) = 28(1). @)

In this approach, all non-Markovian effects are neglected and
the system can be analyzed with tools developed for a standard
Langevin equation. Below we present two methods that allow
us to take into account the impact of memory.

B. Effective mass approach

Although the Markovian approximation seems well-
justified when the correlation time of thermal fluctuations is
much smaller than other timescales, it turns out that even
extremely short memory can induce significant differences in
system dynamics [45]. A very appealing method for capturing
these changes in the memoryless equation was recently pro-
posed in Ref. [43] and is called the effective mass approach.

In this method, the memory effects are reflected solely in
the correction to the particle mass. In particular, the original
dimensionless Eq. (5) is simplified to the memoryless one,

m*o(t) +v(t) = £(t), ®)

where £(¢) as before represents white thermal noise obeying

(E(t)E(u)) = 258(t — u), and
m*=1—Am )

is the effective mass of the particle. The correction Am de-
pends solely on the form of the original memory kernel K(¢),
i.e.,

Am:/ootK(t)dt. (10)
0

Once the mass correction is known, from a mathematical
point of view this method is as simple as the standard Marko-
vian approximation, but its accuracy can be much better. The
effective mass approach can be applied whenever the integral
Eq. (10) exists and the memory time 7 is significantly smaller
than the Langevin time (i.e., 7 < 1 in our dimensionless
units). However, we note that in this method the system of
interest in the long time limit tends to an asymptotic state
which is different but close to the original one, since for
short memory time v < 1 the mass correction Am in Eq. (9)
is small. While doing so, features of the archetypal one are
retained, e.g., if the asymptotic state of the original system is
an equilibrium state, then in the effective mass approach it is
also an equilibrium state.

C. Markovian embedding

It is widely known that any form of the GLE can be ob-
tained from the Hamiltonian dynamics of a particle coupled to
a thermal bath consisting of harmonic oscillators [24]. Given
the fact that the underlying Hamiltonian dynamics is Marko-
vian, it is natural to pursue an approach based on embedding
the system of interest to an enlarged phase space so the ex-
tended one obeys a time-local (Markovian) equation. For a
thermal bath considered in thermodynamic limit, it formally
has infinite dimension. The quest is to find an embedding
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with a minimal number N of additional phase variables so
together with the pair {x, v} it forms a Markovian process
[25,34]. We note here that even though the multidimensional
process is Markovian, the reduced dynamics of {x, v} is still
non-Markovian [17]. It must be contrasted with the effective
mass approach where we exploit the memoryless Eq. (8) for
which the dynamics of {x, v} is Markovian.

The Markovian embedding method is mathematically ex-
act (i.e., it recovers the original GLE) only when the memory
kernel represents the exponential decay [25,34]. In particular,
for a sum of N exponents

N—-1

Kexp(t) = Z Cie_t/riv (] 1)

i=0

the GLE can be recasted into a Markovian set of N + 2 equa-
tions by introducing N variables z;(¢) [33],

x(1) = (@),

N—1
o)=Y z(t), (12)
i=0

Zi(t) = —lZi(l) —cv(t) + \/g“;'i(l‘),
T; Ti

where &;(r) are independent white noise terms obeying
(&i(t)&;(u)) = 28(t — u)d;;. This equivalent form of the GLE
can be analyzed by using standard methods developed for
Markovian processes.

Other memory kernels can be approximated by Ky, (#) via
tuning of 2N + 1 free parameters: N, t; and c;; so they are
tractable to Markovian embbeding. For example, for an alge-
braically decaying memory kernel, we rely on the following
representation of the power law function:

—a 1 /‘00 1 —x/ud (13)
= — — .
X F(O{) 0 uotl u

where I'(«) is the (complete) gamma function [47]. We can
then approximate the integral in Eq. (13) with a finite sum to
get Eq. (11). However, it is important to note that in such a
case the Markovian embedding procedure is no longer exact,
i.e., the original GLE is recovered only approximately. There-
fore, the question on the impact of finite summation effects on
the so-obtained results always arises.

D. Reference memory kernel

In the following part of the paper, we compare the effective
mass approach and Markovian embedding method in terms
of their accuracy and computational performance, as they are
basic tools for the analysis of non-Markovian systems. Since
the former is always only an approximation, we choose the
reference memory kernel in an algebraic form

272
t+ )’

for which the Markovian embedding is also not exact. Here
T stands for the memory time or, equivalently, the correlation
time of thermal fluctuations.

Kref(t) = (14)

For this kernel, the integral in Eq. (10) exists, so the effec-
tive mass approach can be applied. The mass correction then
reads

A = 7. (15)

Moreover, for the rest of the paper we fix T = 0.01, so it stays
within the range of applicability (7 < 1) of the effective mass
approach.

As detailed in the previous subsection, for such a refer-
ence memory kernel it is not possible to readily exploit the
Markovian embedding procedure. However, the kernel can
be approximated with a sum of exponents. Here we follow
the procedure for choosing the parameters 7; presented in
Ref. [48], i.e.,

7 = b, (16)

where 1y and b are constants. This method of choosing the
parameters was originally designed to approximate kernels of
type 1/t% where o € (0, 1), but here we incorporate it for v >
2. Moreover, we choose

1

= ——e /T 17
c=cge a7

1

where « is the exponent of the reference power-law kernel (in
our case @ = 3), and

=

7!

1

C =

i

e /T (18)

Il
o

is the normalization constant ( fooo Kexp(t)dt = 1). The et/
term follows from the shift of the time variable in Eq. (14).

III. METHODS

In this section, we present the quantities used for validation
and benchmarking of the effective mass approach and Marko-
vian embedding technique.

A. Accuracy of approximations

To compare the accuracy of the approximations, we define
a difference function

o=/ 10(t) — pres(dt, (19)
0

where pf(?) is the velocity autocorrelation function (VACF)
of the particle in the reference model, whereas p(t) represents
VACEF in one of the approximate systems. The velocity auto-
correlation function is defined as

p) = (v()v(0)). (20)

The difference function ¢ measures how much the approx-
imate VACF differs from the reference one. For the studied
model of a free Brownian particle immersed in a correlated
thermal bath, the VACF can be expressed in the Laplace space
as [15,49]

1

s T RG) @b

p(s) =

where m* = 1 — Am in the effective mass approach and m* =
1 in other schemes.
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For the white noise approximation, the unilateral Laplace
transform of the kernel (7) reads K, (s) = 1 [50], so the VACF
can be easily transformed into the time domain and reads

pw(t) =e". (22)

In the effective mass approach, the memory kernel is the same,
but the mass correction needs to be taken into account, i.e.,

—t/(1=Ar
Pem(t) = T e /AN, (23)
The sum of exponents in the Laplace space reads
N-1
Rep(s) = 3 —0 (24)

i=0
whereas the reference kernel transforms to
Reei(s) = €TT(0, s7)(s7)* — 57 + 1, (25)

where I'(0, s7) is the upper incomplete gamma function [47].
For the above kernels Kex,(s) and Kref(s), it is not possible to
obtain the VACF in the time domain in a closed form. There-
fore we numerically perform the inverse Laplace transform
of Eq. (21) using the Talbot algorithm, in which the VACF
in the time domain is approximated by a linear combination
of its transform values [51]. Then the integral in Eq. (19)
is calculated numerically using the Simpson method for ¢
logarithmically spaced in the range [10~¢, 10%].

B. Performance of approximations

For each of the equations (6), (8), and (12), we analyzed the
number of primitive operations (POs), such as additions, mul-
tiplications, assignments, etc., required to implement the weak
second-order predictor-corrector algorithm [52], commonly
employed in solving stochastic differential equations (see Ap-
pendix). Assuming that each of these POs takes the same
amount of time, we defined the time cost of an approximation
as the number of POs per time step required to implement the
algorithm.

IV. RESULTS

In general, the essence of the Markovian embedding
method lies in the fact that the memory kernel in the original
GLE [in our case algebraically decaying K.f(¢)] is approx-
imated with a different one [here Kc,(7)], which can be
readily treated numerically. As a consequence, the starting
non-Markovian GLE is replaced with another non-Markovian
one. In contrast, in the effective mass approach the approx-
imate equation is memoryless (Markovian) and the memory
effects are reflected solely in the particle mass renormaliza-
tion. Therefore, this approach is significantly simpler. For
this reason, one could expect that the Markovian embedding
method offers superior accuracy since the memory is directly
involved in the approximation. However, we now prove that it
is not always true.

In the following subsection, we show that the accuracy
of Markovian embedding method depends on the fit of the
approximate kernel to the reference one and present cases
when this method is either more or less accurate than the
effective mass approach. In doing so, we also demonstrate that

200 T
Kref -
Koxpl I
Kexpp ==
150 exp2 .
=100 -
e

50

0.03 0.04 0.05

0 0.01 0.02

t

FIG. 1. The reference kernel K.t(t) plotted along with two ap-
proximate kernels Ky, (¢) for N = 10, b = 10, and 7y = 7.54 x 1074
(Kexp]); Tp=352x 1074 (Kexp2)~

the fitting procedure can be nontrivial as common quantifiers
characterizing its goodness may lead to suboptimal accuracy.
Then, in the next subsection we provide an algorithm for
choosing the correct parameters describing the approximate
kernel. Finally, we compare the computational cost associated
with both approximation schemes.

A. Markovian embedding vs the effective mass

The Markovian embedding method in the studied case re-
quires the fixing of three parameters: b, 1y, and N. The choice
of their values determines the approximate kernel fit quality
that is crucial for the precision of this scheme. Typically, the
fit quality is quantified by the so-called loss function, which
can be defined in several ways. The most straightforward one
reads

L = / [Kref (1) — Kexp(t)|dt~ (26)
0

The absolute value in the above formula usually makes analyt-
ical evaluation of the integral impossible and the loss function
I} must be calculated numerically. Another natural choice of
the integrand is the squared difference between the kernels,
for which the measure reads

I= / (Kuat (1) — Ky (1)l @7
0

Finding the parameters of K. (t) by minimizing I, is the
continuous analog of the least squares method, which is
commonly used in, e.g,. data fitting. Although these two quan-
tifiers are the standard ones, in the following part of this paper
we show that they are not suitable for fitting the approximate
kernel to achieve the optimal accuracy.

In Fig. 1, we compare the reference kernel to the approx-
imate ones for two different parameter sets.Visual inspection
of the plots suggests that the fit quality is better for Keyps(7)
and worse for Kexp(¢). This intuitive prediction is confirmed
by the values of the quantifiers I; and I, calculated for these
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FIG. 2. The difference o as a function of the number N of ex-
ponents in the memory kernel K., () for the same set of parameters
as in Fig. 1. The values for the white noise approximation oy, and
effective mass approach o,, were marked for reference.

two parameter sets—both loss functions take lower values for
Kexp2(t) (Iy =0.917 and I, = 0.155) and higher for Koy (¢)
(I} =4.505 and I, = 0.228). One could thus expect that to
achieve the optimal accuracy, one should approximate the
reference kernel K (f) with Kexpo (¢). In fact, this is not true.

In Fig. 2, we show the difference o measuring the accuracy
of the Markovian embedding method as a function of the
number N of exponents in the memory kernel Kexp(#) for the
same sets of parameters b and 7( as in Fig. 1. Surprisingly,
the difference o is the lowest for the first set of parameters
corresponding to Kexpi (). Moreover, for this set the Marko-
vian embedding method is more accurate than the effective
mass approach for N > 2, i.e., Oexp1 < Oem. For the second
set of parameters corresponding to Kexpa(?), for which /; and
I, are lower, Oexpy > Ocxpl, but also Oexp2 > Oem, regardless of
the number N of exponents. This means that for the parameter
set chosen by minimizing /; or I, the Markovian embedding
method performs worse than the effective mass approach. The
above discussion shows that the impact of the approximate
kernel fitting on the method precision may be nontrivial and
therefore a deeper analysis of this problem is needed.

The examples presented above represent two classes of
the Markovian embedding method accuracy. Since, as we
demonstrated, the approximation quality depends on the pa-
rameters describing the kernel, in Fig. 3 we present a broader,
systematic picture, where the (b, tp) parameter space is di-
vided into regions where oy, is lower (blue) or higher
(red) than oen. Mutatis mutandis, the red area corresponds
to the situation when the effective mass is more accurate than
the Markovian embedding, whereas the blue one indicates
the reversed scenario. When the number N of exponents in the
approximation Kex,(?) is small, it is very difficult to achieve
accuracy better than in the effective mass approach with the
Markovian embedding method, see Figs. 3(a) and 3(b). When
N grows, the blue area corresponding to the situation when the
embedding is superior to the effective mass is larger, however,

9
<6
3
9
=6
3

10 10 1072 10 10 1072
T0 70

FIG. 3. The areas in (b, 1) parameter space, in which the differ-
ence oeyp is greater (red, M) or lower (blue, M) than o, for selected
number N of exponents in Ko, (f): (@) N =1, (b)) N =2, (c) N =5,
and (d) N = 20. For N = 1, the kernel K, (¢) does not depend on b
due to normalization.

the optimal choice of b and 1y is still not obvious and requires
a tuning, see Figs. 3(c) and 3(d). Moreover, a larger number
of exponents results in a more complex model and higher
computational cost.

Since Markovian embedding method with correctly chosen
parameters can be more precise than the effective mass ap-
proach, the natural question arises how to find the parameters
b and 1 offering the best accuracy for a given N? In the next
subsection, we show that the information from the effective
mass approach can serve as an input to Markovian embedding,
which allows us to achieve the best results with this latter
method.

B. Optimal embedding via the effective mass

The examples presented in the previous subsection showed
that the standard loss functions typically used in determin-
ing the similarity between the kernels are not suitable for
finding parameters for which the difference ¢ is minimized.
Moreover, even visual evaluation of the fit quality can be
misleading; see Fig. 1. Here we propose another form of the
loss function, which is based on the correction appearing in
the definition of the effective mass. It consists of an absolute
value of an integral of the difference between the kernels
multiplied by time, i.e.,

Iem =

/ 1 (Kref (1) — Kexp(1))dt | (28)
0

The additional presence of time increases the significance of
the long tail of the reference kernel in the fitting process.
A careful comparison of Egs. (28) and (10) reveals that this
version of the loss function can be written as

Lo = | Amger — Amexp|v (29)
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FIG. 4. The difference o, (a) and the loss functions I, (b),
I; (¢), and I, (d) for b =10 and N = 10 as a function of 7. In
(a), the value of o, was marked for reference. The values of 1
corresponding to Keyp (1) and Kepy (1) were also depicted.

where Amey,, is the mass correction corresponding to the
approximate kernel Key,(?) and reads

N-1
Aoy = Y ci7} (30)
i=0

Consequently, I, can be represented in a closed analytical
form as

(3D

Iem =

N-1
T — E C,"L'i2 .
i=0

To compare the effectiveness of the above defined variants
of loss function, in Fig. 4 we present the difference oeyp
together with L, I;, and I, for b= 10 and N =10 as a
function of 7y. The quantities /; and » do not correlate well
with the difference oex, and therefore they are not useful for
finding the optimal parameters of the embedding guaranteeing
the best accuracy. We have confirmed that this observation
holds true also for other, not depicted parameter regimes.
On the contrary, in Fig. 4 there is a stunning agreement
between minimas of I, and those corresponding to high
accuracy of the Markovian embedding method in oeyp. This
means that the discrepancy Iom = |Anier — Ameyp| between
the mass correction calculated in the effective mass approach
can be used as a measure of similarity between the reference
and approximate memory kernels. This also explains why
the Markovian embedding approximation performs better for

10° 10% 10" 10° 10' 10* 10 10° 10" 107

9 (a)
<6
INN\\VY/
10 10 107 10 1073 1072

70 7o

FIG. 5. (a) The relative difference 0cyy/0em. (b) The absolute
difference between the mass corrections lep, = |Amiges — Ameyp|. The
remaining parameter reads N = 10.

Kexpi (t) (parameters corresponding to a minimum of /) than
for Kexp2 (1) (corresponding to a minimum of 1, and very close
to a minimum of /;). We have checked numerically that the
correspondence between oy, and I, extends even to correla-
tion times t beyond the range of applicability of the effective
mass approach 7 < 1.

Finally, in Fig. 5(a), the difference oeyp relative to oem
is plotted as a function of b and tp for N = 10. Similarly,
Fig. 5(b) shows the discrepancy I, between the mass cor-
rections for the approximate and the reference kernel. The
stunning qualitative similarity of these plots confirms that
the results for the sum of exponents K.y,(#) are closest to
those obtained for the reference kernel K.¢() when the mass
correction Amey,, related to it matches Amyer. This, in turn,
means that in such a case the parameters b and 1 are optimal
for a given N, and the precision of the approximation is the
best. The only noticeable difference is in the area where b and
79 are small. Careful inspection of Fig. 3 indicates that in this
region oy, saturates much slower and reaches its final value
for a relatively high number of exponents N, in this case for
N > 10. For larger N, the agreement between Figs. 5(a) and
5(b) is extended also to this area.

C. The cost of precision

With the efficient technique of choosing parameter values
for the Markovian embedding method presented in the previ-
ous section, one gets a powerful apparatus for approximating
Eq. (5) with kernels K (¢) different from the exponential de-
cay. However, this comes with a cost. First, implementing
the numerical algorithm to solve the equations of motion in
the Markovian embedding method is much more complicated
than in the effective mass approach, cf. Egs. (12) and (8). Sec-
ond, the higher accuracy of the Markovian embedding method
typically requires a larger number of exponents, which results
in a significant computational cost. Below, we compare the
theoretical performance of all presented approximations.

Table I shows the number of primitive operations required
to implement a weak second-order predictor-corrector algo-
rithm [52] for each of the approximate approaches.The white
noise approximation is the least complex since the memory
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TABLE I. Number of primitive operations (POs) per time step
required to solve the equations of motion for each approximation.

Method Number of POs
White noise 99
Effective mass 115
Markovian embedding 41 + 99N

effects are completely neglected, and the integrodifferential
equation (5) is replaced by a much simpler differential equa-
tion (6). In our implementation of the numerical algorithm,
this method requires 99 POs per time step, including the
generation of the stochastic component (see Appendix for the
detailed analysis).

The effective mass approach is essentially as simple as the
white noise approximation since the only difference is the
presence of the mass correction in Eq. (8). Hence, the number
of POs per time step is practically the same and totals 115.

The Markovian embedding method is significantly more
complicated than the previous approaches. The presence of
the parameter N makes the time performance of this method
dependent on the number of exponents constituting the ap-
proximate kernel Kex, (7). In our implementation, the number
of POs per time step for this method is 41 + 99N. This means
that even for N = 1 the algorithm is slower than the effective
mass approach.

Moreover, the accuracy advantage of Markovian embed-
ding for N =1 over the effective mass approach is not
significant. In Fig. 6, we present how the difference o depends
on the correlation time t for the white noise approximation,
the effective mass approach, and the Markovian embed-
ding with N =1 and the parameter 7o =T (S0 Anmeyp =
1[5 tKexp(t)dt). In the whole range of T € (1072, 107") the
difference o is smaller for the Markovian embedding method,
but the difference is minute.

100 |- 8
10~1
10~2

(o)

10~3

10~4

10~°
10-3

Oexp —

| |
102 10—t 100

T

FIG. 6. The difference o as a function of the correlation time
t for the white noise approximation, effective mass approach, and
Markovian embedding with N = 1. In the Markovian embedding
method, the parameter 79 = 7, S0 Aney, =1 fooo 1Koy (2)dt.

In practice, to obtain the desired accuracy, one needs to set
the number of exponents N to a higher value, which implies
a significant increase in the computational cost. For the first
set of parameters presented in Fig. 2 (corresponding to oexp1),
the Markovian embedding method gives more accurate results
than the effective mass approach for N = 3. This means that
the computational cost of achieving oexp < 1073 is almost
three times higher than in the much simpler effective mass
method. Much higher precision can be achieved when both
b and 71y are small, however, then the number of exponents
required to approximate the original kernel correctly is even
higher so the Markovian embedding scheme can be an order
of magnitude slower than the effective mass approach. The
question arises whether such great accuracy is necessary and
if the increased precision has any visible impact on the simu-
lation results.

The above discussion suggests that whenever the accuracy
of the effective mass approach is satisfying, it should be
preferred over the Markovian embedding method. If higher
precision is needed, the effective mass approach guides for
choosing optimal (b, 7¢) pair for a given N.

V. CONCLUSIONS

In this paper, we considered a vital problem of dynamics of
non-Markovian systems formulated in the framework of the
generalized Langevin equation. In particular, we focused on a
comparison of two methods allowing us to tackle such setups,
namely, the Markovian embedding technique and the recently
developed effective mass approach, in terms of their accuracy
and computational performance. In doing so, we considered
a paradigmatic model of a Brownian particle subjected to
algebraically correlated thermal fluctuations for which the two
above methods are approximate.

First, we have shown that when the memory time is much
shorter than other timescales of the system, the lately pro-
posed effective mass approach offers much better accuracy
(one order of magnitude) than the commonly employed white
noise approximation. Moreover, at the same time it requires
practically no additional computational cost, and therefore in
such a regime it is a preferred method.

Second, when the memory time is not short, one needs to
rely on the Markovian embedding technique. We have found
that the precision of this method is very sensitive to the pa-
rameters describing the approximate memory kernel, which is
expressed as a finite sum of exponentially decaying functions.
If the parameters are not tuned carefully enough, the resultant
accuracy of this method may be worse even than the white
noise approximation which completely neglects the memory
effects. On the other hand, there are cases when the accuracy
of the Markovian embedding method is superior than the
effective mass approach, however, this typically comes at the
cost of significant growth of the computational complexity.

Third, taking into account the latter fact, a natural question
arises whether there is a robust scheme that allows us to find
the optimal parameters describing the approximate memory
kernel offering the best accuracy and minimal computational
cost. It turns out that the concept of effective mass can serve
this purpose. Specifically, we have shown that if the mass
correction term calculated for the approximate memory kernel
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(the finite sum of exponents) corresponds to that of the orig-
inal one, the accuracy of the Markovian embedding method
is radically improved. In other words, the mass correction
can be regarded as a measure of similarity between memory
kernels that allows us to find optimal values for parameters
of the method to achieve the best accuracy and minimize the
computational cost.

Since the role of memory in the dynamics of systems is a
problem that seemingly attracts everlasting activity in physics,
and our paper provides a blueprint for such investigations, we
expect the emergence of vibrant follow-up works on this and
related topics.
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APPENDIX: PRIMITIVE OPERATIONS FOR EACH
APPROXIMATION

To solve Egs. (6), (8), and (12), we implemented a weak
second-order predictor-corrector algorithm [52]. To explain
how this method works, let us consider a differential equation

X(1) = G(X(1), 1) + &(t), (A1)

where X is a vector of the variables of interest, G(X(¢), t) is
a vector of arbitrary functions of X, and ¢, &(¢) is a vector of
noise components, and the dot represents differentiation with
respect to the variable 7. Let us now divide the time domain
into equal segments of width Ar and denote #, = kAt, X; =
X(#). The algorithm then works in three steps:

D) X7, =Xe + GXy, )AL + E(1),

) X, =Xp + 3 [GXp, 1) + GXE |, i) AL+HE1),

3) Xer1 = Xi + 3 [GXy, 1) + G(X(, |, i) AT+E(1),
where the first equation is the predictor step, the two next
equations are the corrections, and the vector Xy, contains
the estimated values of X in time ;. = (k + 1)At. The el-
ements of the noise vector &(#;) return an independent value
in each step. The number of POs required to implement this
scheme in each approximation depends on the complexity of
the functions in G(X(¢), t), and the number of equations for
which the predictor-corrector method has to be implemented.

1. White noise approximation
In the white noise approximation, the vector X consists of
the position x; = x(#;) and the velocity vy = v(f;) variables,
i.e.,

Xk =[x, vl (A2)
The function vector G(Xy, #;) reads
G(Xx, 1) = [gx X, 1), oK, ti)] = [vk, —vi].  (A3)

The random component appears only in the equation for v(¢),
therefore the noise vector reads

£(1) =10, E(no)], (A4)

where £(#;) is implemented as a three-state random variable
with the following properties:

PEm) =+vV6Ar) =¢, PEmM)=0)=3.  (A5)

Such a three-state process has analogous moment properties
to a Gaussian random variable and can be used as a substitute
for the latter in numerical simulations [52]. Implementation
of £(#;) includes the generation of a pseudorandom number
uniformly distributed over the interval (0, 1) and returning a
proper final value of &(#;). The whole process reads

1) r=re (r>»13),

2 r=re(rl17),

B) r=ro@>»)53),

@) r=r> 32,

(5) if r < 1/6 then return —v/6At,

(6) else if r > 5/6 then return ~/6At,

(7) else return O,
where @ stands for the logical XOR operation, < and >
represent left and right bitshift, and r is a static variable, i.e.,
its value does not reset when the function & terminates.

Evaluation of x;,; costs 23 primitive operations in each
step, i.e., three assignments, five additions, five multiplica-
tions, five calls of the function g,, and one PO per each call
of the function g, (for returning the value). The algorithm
for vi, is more complicated and requires three assignments,
eight additions, five multiplications, five calls of the functions
gv, and three calls of the function &. The function g, costs
two POs per each call (multiplication by —1 and returning
the value), and the noise function & requires 14 POs for each
evaluation. This gives 76 POs per time step for variable vy .
The total cost of the whole algorithm is then 23 + 76 = 99
POs.

2. Effective mass approach

In the effective mass approach, the equation of motion
differs from the one in the white noise approximation only in
the modified mass of the particle. Thus, the function g, (Xy, #)
changes to

& (X, r) = —v /(1 — Am), (A6)
and the noise vector reads
&) =10,&(n)/(1 — Am)], (A7)

where the random variable & is defined the same as in the
white noise approximation. In both cases the additional term
costs 2 POs per function call, so in total the whole algorithm
requires 115 POs.

3. Markovian embedding

The Markovian embedding method requires solving N + 2
differential equations—one for the position x, one for velocity
v, and N for the auxiliary variables z;. The variable vector thus
reads

Xk = [xx, v, Zikl- (AB)
The function vector is then
G(Xi, 1) = [8x Xk, &), 80Xk, ), &, (X, 1)), (A9)
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and its elements read

8x(X, tr) = i, (A10)

N—1
g X i) = Yz (Al1)

i=0

1
8. Xy, tr) = — ik T Cilke (A12)
The noise vector is as follows:

Ci

g(tk) = [Oa Oa \/;Ei(tk)]’ (A]3)

where the noise functions &; are defined the same as & and
are independent on each other. The cost of evaluation of x4
does not differ from the previous approaches, thus it costs
23 POs. The function g, requires N — 1 additions and one
value return, therefore it costs N primitive operations per call.
Consequently, evaluation of v, requires 18 4+ 5N POs. The
cost of each of the functions g, is 5 (three multiplications, one
subtraction, and one value return), and there is one additional
multiplication by a constant per each call of the noise function.
This means that there are 94 primitive operations per each
variable z;, and in total this gives 23 4 (18 4+ 5N) 4+ 94N =
41 4 99N POs for the whole algorithm.
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ABSTRACT

Non-Markovian systems form a broad area of physics that remains greatly unexplored despite years of intensive investigations. The spotlight
is on memory as a source of effects that are absent in their Markovian counterparts. In this work, we dive into this problem and analyze a
driven Brownian particle moving in a spatially periodic potential and exposed to correlated thermal noise. We show that the absolute negative
mobility effect, in which the net movement of the particle is in the direction opposite to the average force acting on it, may be induced by the
memory of the setup. To explain the origin of this phenomenon, we resort to the recently developed effective mass approach to dynamics of

non-Markovian systems.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0213706

Memory is one of the most far-reaching phenomena in nature.
It resides at an interdisciplinary crossroad of exact, natural, and
applied sciences that is equally important from the fundamental
as well as the practical point of view. On the one hand, it consti-
tutes a bridge between determinism and complete randomness,
whereas on the other, it allows to store digital information as,
e.g., magnetic bits. Here, we consider its another face and ana-
lyze the fundamental problem of the role of memory occurring in
a dynamical system. We demonstrate a case in which the mem-
oryless setup is distinctly different than a system with extremely
short memory as the latter is the fons et origo of a new effect that
is absent in the memoryless case.

. INTRODUCTION

The ultimate goal of theoretical physics is to discover the laws
of physics, that is, to establish relationships between physical quan-
tities. In doing so, it very often uses the method of simplification to
capture only the essence of the considered system. The consequence
of such an approach to, e.g. coupling with the environment, is that
it results in a number of degrees of freedom that are not directly
tracked but emanate as a stochastic perturbation of the system of
interest. When the time scale of their dynamics is much shorter than
that of the analyzed setup, the Markovian approximation is often
employed in which the evolution of the system depends only on its
current state but not on the past ones, i.e., the memory is completely
neglected.

This assumption, however, is never strictly true. The time scale
of the environment is always finite and, therefore, it is not entirely
negligible. Moreover, even at the fundamental level of quantum
mechanics, the Markovian approximation of a particle coupled to
thermal vacuum results in its infinite energy." This means that real
systems are never Markovian, or, in other words, they always exhibit
memory. This fact has been reflected in the direction of recent
research in fields such as active matter,”” spin glasses,® protein-
folding kinetics,” random walk theory,”'' and quantum stochastic
processes, >’ to name only a few.

The non-Markovian systems can differ from their Marko-
vian counterparts not only quantitatively but also qualitatively,
which means that they can exhibit phenomena that are absent in
their memoryless analogs. Such effects are then called memory-
induced. Their examples include super- and sub-diffusion,'*"”
memory-induced Magnus effect,' memory-induced chaos,"” and
many more.”’~> In this work, we analyze the dynamics of a paradig-
matic model of statistical physics exhibiting memory, namely, a
Brownian particle dwelling in a periodic potential and exposed to
correlated thermal noise, and report a new phenomenon of the
memory-induced absolute negative mobility.

A particle is said to have negative mobility when its net move-
ment is directed opposite to the average force acting on it. This
counterintuitive phenomenon emerges in the world of nonlinear,
nonequilibrium physics and its existence has been confirmed both
theoretically’** and experimentally.””~"" Its origin is usually rooted
in the complex nonlinear dynamics of the non-equilibrium system,
and it can be observed both in zero-temperature deterministic and
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noisy stochastic setups. When this phenomenon arises in the regime
of linear response, i.e., for a small biasing force, it is called absolute
negative mobility. In this work, we present a case in which the abso-
lute negative mobility effect occurs in the system only when (short)
memory is taken into account and ceases to exist when memory
vanishes.

The dynamics of our paradigmatic model is described by the
generalized Langevin equation (GLE), in which memory is charac-
terized by a damping kernel that specifies the correlation of thermal
fluctuations. A common method of analysis of this equation is the
Markovian embedding method, in which the non-Markovian prob-
lem is transformed into a Markovian but multidimensional one.”*”
Another scheme allows to model the system of interest with a
Markovian equation and captures the memory effects as a change in
the particle mass; thus, it is called the effective mass approach.”* In
our work, we apply the first method to solve the analyzed equation
numerically and make use of the handy interpretation of the latter
one to explain the origin of the reported phenomenon.

This article is organized as follows: in the next section, we
present a model of a Brownian particle in a periodic potential
exposed to correlated thermal noise and subjected to an external
force. In Sec. I1I, we show that for certain model parameters, the
absolute negative mobility effect arises in the presence of memory
but does not occur in the memoryless limit, and explain the ori-
gin of this phenomenon with the effective mass approach. Finally,
in Sec. I'V, we summarize the work.

1. MODEL

Let us consider a Brownian particle surrounded by a viscoelas-
tic environment and dwelling in a potential U(x) under the action
of an external force Fey (). Its dynamics can be described with the
generalized Langevin equation (GLE),

dU(x)
dx

t
M)+ T [ K= gvods = =02 4 400, ()
0
where M is the particle’s mass, I' represents the friction coeffi-
cient, K(¢) is the memory kernel characterizing relaxation of the
system, Fey (f) stands for the external force acting on the particle, and
n(t) represents thermal fluctuations. Autocorrelation of the latter is
related to the kernel K(#) via the fluctuation-dissipation theorem,”

(n®n(s)) = TkpTK(t — 5), @)

where kj is the Boltzmann constant and T stands for the tempera-
ture. Thus, K(f) describes both the temporal correlations of equilib-
rium fluctuations and the memory experienced by the particle. In
Maxwell’s model of viscoelasticity, the damping kernel reads'>"

K() = Lot @)
TC

where 7, is the characteristic time scale describing the correla-
tion time and the memory of the system. The system described by
Eq. (1) has a multitude of experimental realizations. Nowadays, the
most important ones in physics seem to be Josephson junctions,”
SQUIDs,”*” and cold atoms dwelling in optical lattices,"”*' to men-
tion only a few.

pubs.aip.org/aip/cha

In this work, we want to study the directed transport in a
nonequlibrium system. For this purpose, we apply to the particle an
external force Fey (f) = A cos(Q2t) + F composed of two parts: (i) an
unbiased time-periodic driving A cos(£2t) and (ii) a constant force
F. The first component drives the system out of thermal equilib-
rium into a nonequilibrium state but does not induce the directed
transport. The latter is caused by the second static part which breaks
the symmetry of the system. Last but not least, we put the parti-
cle into a non-confining, spatially periodic and symmetric potential
landscape U(x) = U, sin(2rx/L). With such a choice of the poten-
tial, we define the length and time units as xo = L [the spatial
period of U(x)] and 7y = I'L*/V, (the time characterizing relax-
ation of an overdamped particle in the potential), and operate with
dimensionless variables,

t X

o R R v
ft=—, X=—, Vv=—
To Xo Vo

, (4)

where vy = xy/7,. Equation (1) can be then transformed into a
dimensionless form, which reads

C A ’i A A [ X A A
mb() + / k- 990ds =100 4 L@ i, ©)
0
where m = M/(I'1p) and
U(%) = sin(27%). (6)

The dimensionless memory kernel reads
A 1
K@) = k() = —e™, )
T

where t = t./7y. Moreover,
fext(?) = acos(wt) +f (8)

with a = AL/V,, @ = Qt, and f= FL/V,. Thermal fluctuations
71(t) obey the relation

(H(HAG) = DR - 3), ©9)

where D = kzT/ Uy, i.e., the ratio of thermal fluctuation energy and
half of the periodic potential barrier. From now on, for clarity,
we omit the hat over the variables and operate with dimensionless
quantities.

For the rest of the article, we consider the following parameter
regime:

m=0907, a=122, w=5775 D=10"*  (10)

Since we are interested in particle mobility, we first define the
average velocity in the long time regime as

t
(v) = lim ! (x(s))ds, (11)

t—oo 0
where the brackets (-) indicate averaging over the initial conditions
and realizations of the thermal noise. The former is required in
the deterministic regime where the dynamics may be non-ergodic
and, consequently, the results are affected by the specific choice of
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the initial conditions.”” The mobility j(f) characterizes the particle
response (v) to the static bias fand is defined via the relation’’

(v) = nhf. (12)

The typical situation occurs when the mobility and its derivative is
positive, i.e., u(f) > 0 and du/df > 0, so that the particle moves in
the direction of the biasing force and its velocity increases with larger
f.In complex nonlinear systems, it happens that the derivative du/df
is negative for some interval of f, which means that the average veloc-
ity decreases when the constant force grows. Such a phenomenon
is known as the negative differential mobility.”” However, there are
cases when the particle moves in the direction opposite to the con-
stant force. In such a situation, the system exhibits the negative
mobility u(f) < 0. At first glance, this phenomenon seems to contra-
dict the superposition and Le Chatelier-Braun’s principles, but the
first constraint does not hold in nonlinear systems, whereas the latter
can be violated in systems out of equilibrium.’**” This means that the
negative mobility effect is characteristic to nonlinear, nonequilib-
rium systems. In its most astonishing variant, the negative mobility
effect occurs in the linear response regime for which it no longer
depends on the external static bias,

Ho =J1£I&M(f)~ (13)

The case j1y < 0is known as the absolute negative mobility (ANM).**

Equation (5) is a stochastic integrodifferential nonlinear
equation which cannot be solved analytically. In order to inves-
tigate the particle dynamics numerically, we used the Markovian
embedding technique, i.e., extended the phase space of the system
so that it obeys a (time-local) Markovian equation.’”” In doing so, we
transformed Eq. (5) into an equivalent set of first-order differential

equations,

x(t) = v(b), (14a)
my(t) = —U(x) + feue(t) + 2(1), (14b)
tz(t) = —z(t) — v(t) + £(¢), (14¢)

where z(f) is the auxiliary embedding variable and £(f) is white
thermal noise obeying the relation

(E(DE(s)) = 2D5(t — s). (15)

Then, to numerically solve the set of Eq. (14), we employed a weak
second-order predictor—corrector algorithm.* To speed up the nec-
essary calculations, we implemented the algorithm in the CUDA
environment on modern graphics processing units, which allowed
us to accelerate the simulations by several orders of magnitude.*

11l. RESULTS

We start our discussion of results with Fig. 1, in which we show
the average velocity (v) vs the static force f for different values of the
memory time 7.

Mobility in the linear response regime 1o can be interpreted as
the slope of the (v)(f) curve for vanishing bias f — 0. We observe
that in the Markovian limit T — 0 of white thermal noise, mobil-
ity is positive po > 0. As T grows, the slope initially becomes
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FIG. 1. The average velocity (v) of the Brownian particle determined from the
GLE (5) as a function of the static force f for different values of the memory
time .

steeper; however, for the correlation time 7 = 0.0275 correspond-
ing to non-Markovian dynamics, it is clearly negative 1y < 0leading
to the ANM phenomenon. It means that, in the considered param-
eter regime, this effect emerges only for the system with non-zero
memory time.

In Fig. 2, we depict the mobility 1y of the Brownian particle
in the linear response regime as a function of temperature D of
the system for the Markovian limit of white thermal noise ¢ — 0.
It turns out that mobility is non-negative o > 0 for all tempera-
tures, including the deterministic setting D = 0. It means that in the
parameter regime studied in Fig. 1, the ANM effect is not rooted in
the deterministic dynamics of the system, nor can it be caused by
white thermal fluctuations. This observation implies that this para-
doxical response of the system is induced purely by correlations of
thermal equilibrium fluctuations or, equivalently, memory effects in
the non-Markovian dynamics.

To the best of our knowledge, the fact that the ANM can be
generated solely by (very small!) memory has never been reported
before. In Refs. 38 and 50, the authors detect the emergence of nega-
tive mobility as a result of correlations of thermal fluctuations but in
the nonlinear response regime, which is generally vastly more pop-
ulated in the parameter space of the model than the absolute one.
On the other hand, in Ref. 31, the ANM is induced by memory in
the phenomenological model of modified random walk. However,
an inspection of Eq. (4) therein reveals that the directed transport
vanishes identically in the memoryless system, regardless of the
magnitude of applied force, and therefore, it is not a correct model.
In contrast, in our fully microscopic approach, the presence of a
tailored amount of memory reverses the mobility 1, in the linear
regime from positive to negative.
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FIG. 2. Mobility 1, of the Brownian particle in the linear response regime vs
temperature D in the Markovian (memoryless) limit 7 — 0.

The origin of the memory-induced ANM in the system
described by GLE (5) can be understood if we apply the effective
mass approach’ to our model. The general idea behind it is that if
the correlation time 7 is short, the GLE can be approximated with a
much simpler equation

. dU(x)
m*v(t) +v(t) = T Tae + fee (1) + E(D), (16)
where m* = m — Am is the effective mass of the particle. The mass
correction is defined as

Am = /Oo tK()dt (17)
0

and is a function of the correlation time 7. For the kernel specified
by Eq. (7), the mass correction reads Am = 7. Although Eq. (16)
does not involve memory directly and the corresponding pair {x, v}
forms a Markovian process, the memory effects are reflected in the
mass correction Am. The appealing interpretation stating that the
short memory is equivalent to a mass shift in the memoryless system
allows us to explain the origin of the memory-induced ANM effect.

In Fig. 3, we present mobility 11, as a function of the memory
time t for the original [Eq. (5)] and approximate [Eq. (16)] system.
For t < 0.01, the characteristics are barely distinguishable. When ©
increases, the approximate curve starts to “lag” behind the original
one, but the qualitative behavior remains the same. Most impor-
tantly, for both the original and approximate models, mobility
rises from the positive value, reaches the maximum, passes through
zero, and then takes negative values, indicating the ANM effect.

We note that, in the presented case, the memory time is two
orders of magnitude smaller than other characteristic time scales in
the system. Indeed, the dimensionless Langevin time of the particle
reads 1, = (M/T)/t9 = m = 0.907 and the period of the driving
force equals T = 27 /w = 1.088. At first glance, one could think
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FIG. 3. Mobility 4o of the Brownian particle in the linear response regime vs the
memory time < for the original [Eq. (5), solid blue line] and approximate [Eq. (16),
dashed red line] system. Dashed—dotted green line illustrates the naive Marko-
vian approximation of white thermal noise without renormalization of the Brownian
particle mass. Other parameters are the same as in Fig. 1.

that the memory effects could be negligible and, therefore, naively
apply the Markovian approximation of white thermal noise with-
out renormalization of the Brownian particle mass [i.e., m* = m in
Eq. (16)]. As the dashed-dotted green line in Fig. 3 demonstrates,
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FIG. 4. The dimensionless average velocity (v) of the Brownian particle as a
function of the static force f for m = 0.8775 [the minimum of the approximate
1o(t) characteristic, see Fig. 3] for the approximate system given by Eq. (16).
Other parameters are the same as in Fig. 1.
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even in this extreme scenario, it completely fails to correctly pre-
dict the system behavior. In particular, for T — 0, mobility 1, of
the Brownian particle is only positive in contrast to the actual solu-
tion when the memory-induced ANM effect emerges. Moreover,
even for the extremely short memory = 0.01 for which , is pos-
itive, the difference between the mobility corresponding to the real
value and the naive Markovian approximation is almost an order of
magnitude.

Finally, Fig. 4 shows the average velocity (v) of the Brow-
nian particle in approximation (16) vs the static force f for 7 =
0.0295 which corresponds to the minimum of (,(7) in the effec-
tive mass approach, see Fig. 3. In the deterministic case D = 0,
mobility in the limit f — 0 is positive. In contrast, for tempera-
ture D = 0.0001, it is negative. It means that in the approximate
Markovian dynamics(16), the absolute negative mobility is caused
by white thermal fluctuations’ but for the renormalized mass of the
particle.

IV. CONCLUSIONS

In this work, we analyzed non-Markovian dynamics of a Brow-
nian particle dwelling in a periodic potential and driven by a time-
periodic force and a constant bias. The memory of the system is
characterized by the correlation time 7 of thermal fluctuations. We
revealed a set of the system parameters for which the absolute neg-
ative mobility effect, namely, the situation when the particle moves
in the direction opposite to the applied small static bias, is induced
by the memory.

Specifically, mobility 1o of the particle in the linear response
regime stays positive for any temperature D of the system in the
memoryless limit T — 0. When t increases, initially so does the
mobility; however, after reaching a maximum it decreases, and
finally, takes negative values, indicating the absolute negative mobil-
ity effect. It means that this phenomenon is induced by the memory
of the system.

To explain the origin of this effect, we employed the recently
developed effective mass approach to memory in non-Markovian
systems. According to this method, the presence of short memory
in the system is equivalent to the renormalization of its mass in
the memoryless counterpart of the setup. Indeed, we revealed that
the absolute negative mobility effect emerges in the system without
memory but with reduced mass. The phenomenon in this shifted
regime is induced by thermal fluctuations.

From a more general perspective, this result shows that even
the extremely short memory can radically change the behavior of
the system and lead to unexpected and paradoxical phenomena such
as the memory-induced absolute negative mobility effect. This fact
must be contrasted with common reasoning that if the memory is
extremely small, the memoryless (Markovian) approximation can be
safely used. We show that, even in such a case, special caution may
be needed.
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The kinetics of biological motors such as kinesin or dynein is notably influenced by a viscoelastic intracellular
environment. The characteristic relaxation time of the cytosol is not separable from the colloidal timescale
and therefore their dynamics is inherently non-Markovian. In this paper, we consider a variant of a Brownian
motor model, namely, a Brownian ratchet immersed in a correlated thermal bath, and we analyze how memory
influences its dynamics. In particular, we demonstrate the memory-induced current reversal effect and explain
this phenomenon by applying the effective mass approximation as well as uncovering the memory-induced
dynamical localization of the motor trajectories in the phase space. Our results reveal new aspects of the role of
memory in microscopic systems out of thermal equilibrium.

DOI: 10.1103/PhysRevE.111.024130

I. INTRODUCTION

The dynamics of small systems in a microscopic world is
noticeably affected by thermal fluctuations, the influence of
which in macroscopic reality is typically rather a nuance. It
is tempting to use this inevitable noise as an energy source
and make useful work out of it. Although the second law
of thermodynamics prohibits rectifying thermal fluctuations
in equilibrium [1,2], this limitation is abandoned in nonequi-
librium. In fact this is the modus operandi of many natural
microscopic machines such as, e.g., molecular motors [3—12].

A paradigmatic model of a molecular motor is a Brow-
nian motor, a system with broken spatiotemporal symmetry
consisting of a Brownian particle dwelling in a periodic po-
tential [13—18]. The first minimal models of Brownian motors
emerged in physics in early 1990s [19-25] and were soon
followed by pioneering experiments [26,27] corroborating the
theoretical predictions.

Despite more than three decades of research, the Brownian
motor concept has not lost its prominence but instead it is even
expanding and nowadays is discovered in systems like col-
loidal particles [28-35], superconductors [36—43], molecular
walkers [44,45], molecular rotary motors [46,47], DNA trans-
port machinery [48], cold atoms in optical lattices [49-51],
magnetic domain walls [52,53], dusty plasma [54], active
matter [55-59], crystalline materials [60], and granular gas
[61], to name only a few.

A symmetry-breaking mechanism may be intrinsically
embedded in a Brownian motor in the absence of any pertur-
bations. This case, known as a Brownian ratchet, is typically
realized as an asymmetric spatially periodic potential. There
exist a variety of ratchet types depending on the origin of
the nonequilibrium state necessary to overcome limitations
of the second law of thermodynamics including, e.g., rock-
ing [20,22,62-68], pulsating [23,69,70], and correlation ones
[24,25,71-73] (for more details, see Refs. [16,18].
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A consequence of the Curie principle [74], telling that
if a certain phenomenon is not ruled out by symmetry then
it would emerge, is that an average velocity of a Brownian
motor may be nonzero even in spite of the absence of any
biased forces or gradients. However, the direction of trans-
port is typically difficult to predict a priori and an effect of
current reversal can be observed upon variation of system
parameters characterizing potential [69,70,75], external force
[62,64,65,76], thermal noise intensity [22,65,73], nonequilib-
rium fluctuations [24,25], particle mass [77,78], and friction
[70,79]. This fact, in turn, opens the possibility for transport
control and its various applications.

Biological motors, e.g., kinesin or dynein, which are pre-
cursors of artificial Brownian motors, operate in viscoelastic
intracellular environments in which the characteristic relax-
ation timescales for the fluid and motor are comparable. In
such a case, memory effects are no longer negligible and the
system dynamics is non-Markovian. Although the influence of
memory on the kinetics of Brownian motors has been already
addressed [80-82], its impact on the emergence of the current-
reversal phenomenon is an area of interest. In this work,
we report on the memory-induced current-reversal effect. In
doing so we analyze a rocking ratchet system immersed in
a correlated thermal bath and show that this phenomenon
emerges upon increasing the memory time of the setup while
it ceases to exist in the memoryless situation.

The paper is organized as follows. In Sec. II we detail the
studied model together with the employed methods. Then in
Sec. III we demonstrate the memory-induced current-reversal
effect and explain its mechanism by applying the effective
mass approach [83,84]. Finally, Sec. IV provides a summary
and conclusions.

II. MODEL

Let us consider a system consisting of an inertial Brow-
nian particle moving in an asymmetric spatially periodic

©2025 American Physical Society
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potential [16],

U) = AU|:sin <2n%) +0.25sin (471%)], ¢)

and driven out of thermodynamic equilibrium by an external
unbiased time-periodic force, A cos (£2¢). The form of dynam-
ics of such a rocking ratchet setup [18], taking into account
correlations in the surrounding environment and memory
effects, is given by the following generalized Langevin equa-
tion [85]:

Mi+T / K(t — $)x(s)ds = =U'(x) + A cos(Qt) + n(z).
0
2

The dot and prime stand for differentiation with respect to
time ¢ and position x, respectively. M is the particle mass, I"
is the friction coefficient, and K(¢) is a damping kernel de-
scribing via the fluctuation-dissipation theorem [86] both the
memory and correlations of thermal fluctuations 7(# ), namely,

(n(@)n(s)) = TkgTK (|t — s1). 3

Here we choose the simple exponentially decaying kernel
characterized by the memory time 7.,

1
_e—t/f(- ) (4)

¢

K(t) =

for which 7(t) renders the Orstein-Uhlenbeck process [85].

In order to reduce the number of free parameters and make
our analysis independent of a specific setup, we introduce the
dimensionless position and time variables:

X ~ t

X=—=, t=—, 5
L 70 ( )
where ) = I'L?/AU scales the time needed to travel from
the maximum to the minimum of the potential U (x) in the
overdamped limit M — 0, and L is the spatial period of the
ratchet potential. Then we recast Eq. (2) to the dimensionless
form

f
mi + / R — $)($)ds = —0'(R) + acos(wi) + 7(F),
0
(6)
where
M L
m = =E] a = _A7
'L'()F AU

As it is seen in Eq. (6), the dimensionless friction coefficient
formally scales to unity, i.e., y = 1. The rescaled potential
reads

w = 1L2. @)

U(%) = sin(2n%) + § sin(4n ), 8)
and the memory kernel is recasted to

k@) = Leirm, )
T

where 7 = t./7) is the dimensionless memory time. Thermal
noise scales as

A

(f)—£ (t) (10)
77 - VOW ’

and its autocorrelation function now reads
(NG = DR(|F - 3)), (11)

where D = kgT /AU is the dimensionless temperature. From
now on we analyze only the dimensionless Eq. (6) and, there-
fore, for simplicity we omit the hat over the variables £, 7, etc.

The generalized Langevin equation (6) with an exponen-
tially decaying memory can be transformed into an equivalent
set of three differential equations via the Markovian embed-
ding procedure [85]:

() = v(1), (12a)
mo(t) = z(t) — U'(x) + acos(wt), (12b)
t7(t) = —z(t) —v(t) + £@), (12¢)

where z(t) = n(¢t) — w(t) is an auxiliary variable, w(t) repre-
sents the integral

t
w(t) = / K(t — s)x(s)ds, (13)
0
and & (1) is the §-correlated (white) noise, i.e.,

(§@)E(s)) =2Ds(t —s), (§(1)) =0. (14)

The set of Egs. (12) can then be readily solved numerically
with standard computational algorithms.

A. Effective mass approach

On the other hand, Eq. (6) can be approximated with its
memoryless counterpart via the effective mass approach. In
this scheme the memory effects are reflected purely in the
correction to the particle mass [83]. The approximate equa-
tion reads

m*i(t) + %(1) = —U'(x) + a cos(wr) + (1), (15)
where
m* =m — Am(t) (16)

is the effective mass of the particle, and the mass correction
Am(t) in a general form reads

Am(t) = foo tK(t)dt (17)
0

[the dependence of Am on t is hidden in the memory kernel
K (¢)]. The thermal fluctuations &£(¢) in Eq. (15) are no longer
correlated and are modeled as white noise [see Eq. ((14).
This approximation scheme is valid as long as the integral
in Eq. (17) exists and the mass correction is small, that is,
Am(t) K m [83].

For the exponentially decaying memory kernel, the mass
correction Am, taking into account only terms up to the first
order in the memory time 7, equals

Am|(f)= T. (18)

Moreover, for this specific kernel type, it is also possible to
derive the correction up to the second order in 7 [87], reading

Amz(r):r(1+—r ) (19)
m-—T
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which improves the accuracy of the effective mass approxi-
mation.

B. Quantity of interest

In this article, we analyze how the memory influences the
direction of the net motion of the particle. For this purpose,
we define the average velocity of the particle as
t

(x(s))ds,

(v) = lim 1 (20)

t—o00 0
where the triangular brackets (-) indicate averaging over
the initial conditions and realizations of the thermal noise
n(t). The former is mandatory for the vanishing and low-
temperature regimes of the system for which its ergodicity
may be broken [88] and therefore the dynamics might depend
on the initial conditions.

C. Methods

Due to nonlinearity of the potential U(x) and the exter-
nal driving a cos (wt), the set of Egs. (12) cannot be solved
analytically in a closed form. For this reason we imple-
mented a weak second-order predictor-corrector algorithm
[89] to simulate the dynamics of the system. To accelerate
the calculations we performed the simulations in the CUDA
environment on a modern desktop graphics processing unit.
This approach allowed us to shorten the computation time by
several orders of magnitude [90].

III. RESULTS

The direction of transport in the rocking ratchet system
described by Eq. (6) is very sensitive to changes of the system
parameters such as, e.g., the driving force amplitude a and the
frequency w [65]. Therefore, here we stick to the following
parameter regime:

(m=0525 a=17, =11, D=107}, (21)

for which in the memoryless limit T — 0 the particle average
velocity is positive, (v) > 0.

To illustrate how memory influences the particle transport
in this regime, in Fig. 1 we plot the average velocity (v) as a
function of the memory time t of the kernel K(¢). Indeed, we
can observe that in the limit T — 0 the current (v) > 0. For
short memory times t < 0.03, the average velocity (v) of the
particle stays positive, but upon increasing t it changes sign,
indicating the current-reversal effect.

The origin of this phenomenon can be explained by ap-
plying the effective mass approximation. As it is shown in
Fig. 1, the current-reversal effect emerges also in the mem-
oryless counterpart of the studied system but for the effective
m* = m — Am(t) instead of the bare mass m. In particular,
in the inset we note that the curves corresponding to the
original system Eq. (6) with m = 0.525 and the effective mass
approach with the second-order correction Eq. (19) with m* =
0.48 overlap. It means that the effect of memory is such that
the system behaves effectively as it would have a smaller mass
for which in the studied parameter regime the current-reversal
phenomenon arises.

In Fig. 2 we present the average velocity (v) of the parti-
cle as a function of the temperature D for different memory

1
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1 O0F ==
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FIG. 1. The average velocity of the particle (v) as a function
of the memory time 7 for the original system [Eq. (6)] as well as
the effective mass approximation [Eq. (15)] in the first and second
orders. In the inset for T = 0.04, we show the same characteristic but
versus the amplitude a of the external driving force.

times 7. On the one hand, in the deterministic limit D — 0,
all curves tend to a positive value. On the other hand, for
D — oo, the fluctuations are so strong that the presence of the
potential becomes negligible and so does its spatial asymme-
try, so no net transport occurs regardless of the memory time
7. The difference between the characteristics is visible in the
intermediate range of temperatures. In the memoryless limit
T — 0, the average velocity (v) is positive in the whole range
of temperatures D. When t increases, a minimum emerges
and the velocity becomes negative for certain values of D.
This proves that for the system parameters m, a, and w speci-
fied in Eq. (21) the current reversal effect can emerge only in
the presence of memory, i.e., for 7 > 0.

The memory-induced current-reversal effect can also be
explained by analyzing the particle trajectories in the phase
space of the system. In particular, for each of them one can

1.5 T

\ / — 710
—1.5 \ 7 = 7 =0.01
Mree—rer - —— 7 =0.04
-9 Lol | Lol L
104 103 102 101 10°
D

FIG. 2. The average velocity (v) of the particle versus the tem-
perature D for different memory times 7 and the memoryless limit
T — 0.
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FIG. 3. The probability distribution P(v(¢)) for the period aver-
aged velocity V() in the memoryless system T — 0 for the long time
limit calculated from histograms consisting of 150 and 3 bins.

calculate the velocity v(¢) averaged over the period of the
driving force T = 27 /w, namely,

1 t+T
Vi) = ¢ / v(s)ds. 22)

The average velocity of the particle can then be expressed as
the long time limit of the ensemble averaged v(¢) [91], i.e.,

(v) = lim (v(1)). (23)

In Fig. 3 we present the probability distribution P(v(¢)) of
v(t) in the memoryless limit 7 — 0 calculated for 2!6 =
65 536 trajectories and time ¢ = 10* for which the asymptotic
state of the system has already been reached. Velocity v(¢)
is distributed around three values corresponding to average
velocities of the particle for three attractors present in the
deterministic limit of vanishing thermal noise D — 0 (not de-
picted). Two, Vi = £w/(2m), of these values render running
solutions in which the particle covers one spatial period during
one period of the driving force. The third one, vy = 0, indi-
cates the locked state in which the particle motion is limited
to one potential well and no net transport is observed.

For thermal-noise-assisted dynamics, the particle can ran-
domly switch between these solutions, however, in the long
time limit the probability P(V(z)) must be a time-invariant
measure. In Fig. 4 we present the probabilities Py and Py
corresponding to the three observed states Vi = +w/(27)
and vy, respectively, as a function of the memory time t. The
quantities Py and Py can be easily determined directly from
the analogs of Fig. 3 for different . In the memoryless limit
T — 0, most of the system trajectories render the positive
velocity vy and, therefore, in this regime the particle current
(v) is positive as well. Upon increasing the memory time
7, the state V_ quickly becomes more populated and later
it saturates at unity P_ = 1. It means that the probability of
escaping the state V_ becomes negligible. This explains why
the particle current-reversal phenomenon emerges. It is rooted
in the memory-induced dynamical localization effect [92,93]

0 0.02 0.04 0.06
T

FIG. 4. The probabilities Py and P, for the emergence of the
states Vo = +w/(2m) and vy = 0, respectively, versus the memory
time 7.

in which all system trajectories possess the negative velocity
Vv_ when the correlation time t is increased.

IV. CONCLUSIONS

In this paper, we revisited the everlasting problem of the
role of memory in dynamical systems. In particular, we con-
sidered a model of a Brownian ratchet, namely, a Brownian
particle in an asymmetric spatially periodic potential im-
mersed in a correlated thermal bath and driven by an external
force. Our primary interest was the net transport in such a
system characterized by an average velocity of the Brownian
particle in the long time regime.

We showed that the direction of the transport can
be reversed upon increasing the memory time, indicating
the memory-induced current-reversal effect. Moreover, we
showed that in the memoryless limit the average velocity of
the particle stays positive regardless of the temperature of the
system. This confirms that in the studied parameter regime the
current-reversal effect can be observed only in the presence of
memory.

We explained this phenomenon in two ways. First, we
applied the effective mass approach to our system, in which
the presence of short memory is represented as a correc-
tion to the particle mass. It turned out that the impact of
memory is such that the system behaves effectively as it
would have a mass smaller than the actual one. In the
studied parameter regime, the current-reversal phenomenon
arises for this reduced effective mass while it ceases to ex-
ist for the physical one corresponding to the memoryless
system.

Second, we calculated the probability for the particle to
reside in each of three states for the period-averaged velocity
present in the deterministic counterpart of the system. Upon
increasing the memory time, occupation of the states changes
so that finally all trajectories possess the negative velocity.
Such memory-induced dynamical localization of the trajec-
tories in the velocity subspace is the mechanism underlying
the observed current-reversal effect.
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Our results reveal more aspects of the influence of mem-
ory on the dynamics of a Brownian ratchet and can be

corroborated experimentally in a variety of setups embodying
this system.
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Abstract

Nowadays a bit is no longer a mere abstraction but a physical quantity whose manipulation gov-
erns both operation of modern technologies and theoretical frontiers of fundamental science. In
this work we propose a setup in which the memory time can be utilized to control the generation
and storage of binary information. In particular, we consider a nonequilibrium Brownian particle
immersed in a viscoelastic environment and dwelling in a spatially periodic potential. We inter-
pret its average velocity as a bit and show that depending on the memory time characterizing the
viscoelastic bath the particle can be either in one of two stable states representing the bit values or
in a chaotic state in which the information is erased and a new bit can be generated. We analyze
randomness of the so obtained bit sequence and assess the stability of the produced values. Our
study provides a blueprint for storing and processing information in a microscopic system using
its memory.

1. Introduction

The notion of information, measured in a fundamental unit of a bit, has become indispensable for mod-
ern physics, linking the abstract domain of communication theory with the core principles of statistical
mechanics, thermodynamics, and quantum theory. Initially conceived by Shannon [1] to formalize the
efficiency of communication channels, information theory now provides a rigorous language to quantify
entropy, correlations, and complexity in physical systems [2, 3]. At the quantum scale, bits generalize to
qubits, and the interplay between entanglement, measurement, and information processing defines new
paradigms of computation and cryptography [4]. The recognition that ‘information is physical’ as mani-
fested in Landauer’s principle [5] has completely reshaped our understanding of this concept. Nowadays
it is no longer a mere abstraction but exists only as a property (state) of a physical system and as such
it is subjected to the fundamental laws of physics. Information processing governs both the operation of
modern technologies and the theoretical frontiers of basic sciences.

On the other hand, in recent years the research on soft matter has become one of the hottest top-
ics in physics and beyond. It has been shown that its viscoelastic behaviour has a profound impact on
the dynamics of Brownian particles immersed in it, and can lead to such effects as subdiffusion [6],
acceleration or slowdown of barrier crossing [7-9], circular motion of achiral microswimmers [10], and
induction of Magnus effect [11], negative mobility [12] or current reversal [13], to name only a few. The
importance of these discoveries stems from the fact that viscoelasticity is a property of many microbio-
logical environments, such as cytoplasm [14] or blood [15], but it is also observed in polymer networks
[16], micellar solutions [17], and liquid crystals [18].

The viscoelastic properties of soft matter depend on its composition and can be tuned by chan-
ging the proportions of its constituents responsible for its elastic and viscous response [19]. So far, this
method has been used to study the functioning of cells in extracellular environments with different
mechanical properties [19-22]. In such a setting, however, the change of the viscoelastic properties of
the setup requires the preparation of a new system, which does not allow for studying the effects of the
temporal variations of the properties. The solutions to this problem are systems in which the internal
cross-links can be rearranged after applying an external stimulus, such as light [23-25] or an electric
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field [26]. This method allows for the change of setup properties ‘on the fly’ and makes its characteristic
quantities, such as fluidity or memory time, new control parameters.

The ability to change properties of the environment on demand opens the possibility of controlling
the dynamics of microscopic objects immersed in it by an external stimulus. In this article, we pro-
pose a setup in which varying viscoelasticity can be utilized to control the generation and storage of
binary information. In particular, we consider a Brownian particle dwelling in a periodic potential and
coupled to correlated thermal bath, and show that depending on the viscoelastic properties of the bath,
the particle can be either in one of two stable states representing values of the information bit, or can
be in an aperiodic state where the stored information is forgotten and a new bit value is generated. We
analyze the stability of stored information and evaluate how random the generated bit sequence is. Our
results advance the understanding of the role of the system environment in computation and informa-
tion processing in microscopic systems.

2. Model and methods

Our system of interest consists of a Brownian particle of mass m dwelling in a spatially periodic poten-
tial U(x) = AUcos(2mx) and driven by an oscillatory force F(f) = acos(wt). The temporal evolution of
its position x and velocity v can be described by the Generalized Langevin equation, reading [27]

mi/_'y/otK(ts)v(s)dsdU(x)+F(t)+?7(t). (1)

dx

Equation (1) can be recast to a dimensionless form in which the Stokes friction coefficient v =1 and
half of the barrier height of the periodic potential AU=1 (see e.g. reference [28] for details on the
appropriate length and time scales). Consequently, in the following we set v = AU =1 and treat all
other parameters as dimensionless quantities.

In this approach viscoelasticity of the surrounding medium is characterized by the memory kernel
K (1), which captures its response to external perturbations and determines the friction experienced by
the Brownian particle. As dictated by the fluctuation-dissipation theorem [29], the memory kernel is also
related to the autocorrelation function of thermal fluctuations 7(t), namely

(n(6)n(s)) =K ([t —s|), (2)

where 6 is the dimensionless temperature. In this article we assume that the memory kernel decays expo-
nentially, i.e.

K(t)= Lo (3)
T
Such a form appears in Maxwell’s model of viscoelasticity and it is characterized by a single charac-
teristic time 7, which can be interpreted as a memory time or correlation time of thermal fluctuations
[6]. In the limit 7 — 0, the kernel becomes 2§(¢) and equation (1) simplifies to a memoryless Langevin
equation.

2.1. Effective mass approach
If the memory time 7 is much shorter than the relaxation time of the free particle 7, = m/~,
equation (1) can be approximated with a memoryless Langevin equation [30, 31]

m'v=—yv— dU(x)

+F()+£(1), (4)
where m* = m — Am is the effective mass of the particle, and £(¢) is thermal white noise obeying

(&(1)&(s)) =2v06(t — s). The mass correction Am depends on the form of the memory kernel K(#) and
reads

Am = 7/00 tK (t) dt. (5)
0

In the case of the exponentially decaying K(¢) (equation (3)) the mass correction Am = 7 and the
effective mass is simply

m*=m—r. (6)



10P Publishing

New J. Phys. 27 (2025) 115001 M Wigniewski and J Spiechowicz

Equation (4) is thus a bridge between the full description of the particle’s dynamics given by the
Generalized Langevin equation (equation (1)) and its memoryless variant 7 — 0. It allows for studying
the influence of short memory on the dynamics of a Brownian particle with a memoryless equation and
offers an appealing interpretation of the origin of memory-induced effects.

2.2. Quantity of interest

The presence of the periodic driving force F(t) implies that the Brownian particle is not in equilibrium
with thermal bath and that the dominating frequency in the power spectrum of its velocity is equal to w.
To get rid of this periodic component, our main quantity of interest will be the velocity of the particle
averaged over the period of the driving force T = 27 /w

t+T
V(t):% / v(s)ds. 7)

In the zero-temperature limit # =0 the particle in the asymptotic long time limit arrives at the dynam-
ical attractor in the phase space and its instantaneous velocity v(¢) can be periodic quasiperiodic or
chaotic [32]. Consequently, the period-averaged velocity v(t) can be constant, periodic with period nT
or can exhibit no regularity if v(¢) is quasiperiodic or chaotic. The addition of thermal noise induces
thermally activated escape events among coexisting attractors so that the period-averaged velocity fluc-
tuates around a constant value or is not regular depending on whether thermal fluctuations perturb the
deterministic regular or chaotic attractor.

2.3. Methods of solution

Equation (1) is a nonlinear stochastic second-order integro-differential equation, and as such it cannot
be solved analytically. In order to solve it numerically, we implemented a weak second-order predictor-
corrector algorithm [33] with a timestep h = 10~% x T. The particle trajectories were typically run for
10° periods of the driving force T starting from different initial positions x(0), velocities v(0), and phases
of the driving force F(¢). The numerical analysis was performed with the use of a Graphics Processing
Unit (GPU) supercomputer, which allowed us to calculate the particle evolution for multiple initial con-
ditions and realizations of the thermal noise in parallel [34].

3. Results

The goal of this paper is to present a setup in which, depending on the memory time characterizing
thermal bath, the particle can be in one of two stable states representing bits of information, or in an
irregular state where the information is lost and a new bit value is generated. Typically, the informa-
tion is encoded in the position of the Brownian particle placed in a double-well potential, where each
of the wells represents a stable state [35]. Here we present another approach, in which the informa-
tion is encoded in the period-averaged velocity v(t), which can be either positive or negative. We adopt
the convention that the positive and negative state is identified with ‘1’ and ‘0’ bit, respectively. We set
m=1.0,a=38, w=>5, and = 10~* unless stated otherwise, but the principle of operation of our setup
is rather general, as will be clarified later in this work.

We start our analysis with a ‘bifurcation’ diagram of the period-averaged velocity v(t) as a function
of the memory time 7 presented in figure 1(a). The figure was obtained by solving equation (1) numer-
ically for different initial conditions and realizations of the thermal noise 7(t) for 10° periods of the
driving force T. Then the period-averaged velocity v(t) was calculated by averaging the instantaneous
velocity v(t) in each of the trajectories over the last period T.

For memory times 7 < 0.02 (including the memoryless limit 7 =0) the period-averaged velocity v(¢)
takes only two values vy = +w/(27) ~ £0.8 which are smeared due to to the presence of weak thermal
noise. It is a consequence of v(t) being periodic with period T, see figure 1(b). The values vy corres-
pond to running solutions in which the particle travels one spatial period of the potential U(x) during
every period of the driving force F(t) either in the positive or in the negative direction. The fact that
there are no points between these may suggest that the particle rarely switches between these two solu-
tions. The presence of two attractors with opposite period-averaged velocities is a consequence of the
system’s spatial symmetry. For this reason the average velocity of the setup must vanish identically. It
implies that in the deterministic limit § =0 every possible trajectory of the system is accompanied by
the corresponding one propagating in the opposite direction [36]. Consequently, if there is a determ-
inistic attractor in which the period-averaged velocity equals v, there also must be an attractor with
Vo =—|vi].
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Figure 1. (a) ‘Bifurcation’ diagram of the period-averaged velocity v(z) as a function of the memory time 7. In (b) and (c) exem-
plary trajectories for 7 =0.01 and 7 = 0.1 are pictured.
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Figure 2. (a) ‘Bifurcation’ diagram of the period-averaged velocity V for the approximate system in the effective mass approach as
a function of the mass correction Am = 7. (b) Corresponding maximal Lyapunov exponent Ay in the deterministic limit @ =0
estimated using the method of reconstruction of the attractor based on the particle’s trajectory [37].

In contrast, when the memory time 7 is longer, i.e. 7 = 0.05, the period-averaged velocity V() takes
values from almost the whole range between —1.8 and 1.8. The reason is that in this parameter regime
the instantaneous velocity v(¢) is aperiodic, see figure 1(c), and its period average can take different
values depending on the initial conditions and a moment of time. This system thus meets our require-
ments. For 7 < 0.02 the particle can be in one of two stable states representing two values of an inform-
ation bit. We assume that v, and v_ renders the logic ‘1’ and ‘0’, respectively. For 7 > 0.05 the velocity
exhibits no regularity and this state can be utilized as a generator of random bit values.

Let us now find out why increasing the memory time 7 results in the emergence of a qualitat-
ively new aperiodic solution and the extinction of the periodic ones. According to the effective mass
approach, the presence of short memory is approximately equivalent to a correction Am to the particle’s
mass in a memoryless system, see equations (4)—(6). Thanks to the simple formula for the mass correc-
tion Am = 7 obtained for the studied memory kernel (equation (3)), the original dynamics studied as
a function of the memory time 7 is approximately equivalent to the memoryless dynamics studied as
a function of Am. In figure 2(a) we plot the ‘bifurcation’ diagram of the period-averaged velocity v(¢)
as a function of Am, obtained by solving the approximate equation (4). Its stunning similarity to the
diagram presented in figure 1(a) confirms that our setup is within the range of validity of the effective
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Figure 3. Time evolution of the period-averaged velocity v(#). The memory time 7 switches between values 0.01 and 0.1 every
N =100 periods of the driving force T. The corresponding bit sequence is ‘10110100

mass approach (i.e. 7 < m/~y). Moreover, it shows that the aperiodic solution arising upon increas-
ing the memory time 7 is also present in the memoryless dynamics for a lower mass of the particle
m* =m— Am.

To further quantify the dynamics of the studied setup, we estimate the maximum Lyapunov expo-
nent in the deterministic limit of equation (4). For § =0 the system can be recast into a set of three
autonomous equations for the phase variables X () = [x(¢), ¥(t), ¢(t) = wi] reading

X()=F[x(1)], (8)

where F[X (t)] = [v(t), —yv(t) — % + F(t), w]. If we now consider an infinitesimal ellipsoid in the
phase space with the principal axes spanned along the phase space ones, the evolution of its volume V(¢)
can be expressed as [38]

V() =V (0) e =y (0) e, 9)

where Ay, A, and A, are the Lyapunov exponents corresponding to the phase variables. Since the sys-
tem is dissipative, the sum of the Lyapunov exponents must be negative, and the volume of the initial
ellipsoid decreases in time. The exponent Ay corresponds to the evolution of the phase, which is iso-
morphic for all of the trajectories, thus Ay = 0. The remaining exponents, however, can be both positive
and negative, and only their sum is restricted to be equal to —. If one of them is positive, the particle’s
dynamics is chaotic; if both are negative, it is not. In figure 2(b) we plot the maximum Lyapunov expo-
nent Am,x = max{A,, A,, Ay} for the system in the deterministic limit # =0 as a function of the mass
correction Am. On the one hand, in the region of Am where the period-averaged velocity v(t) is con-
stant, the maximum Lyapunov exponent A« = 0 and consequently A,, A\, < 0. On the other hand, for
higher values of the mass correction, the aperiodic behaviour of v(#) corresponds to Apay > 0 and there-
fore the system evolves in a chaotic way. The presence of the constant and aperiodic solutions for v(#)
in the original setup given by equation (1) is thus rooted in the periodic and chaotic character of the
particle’s dynamics in the deterministic counterpart of the system.

We now present how this system can operate as a random bit generator. In figure 3 we plot the
exemplary time evolution of the period-averaged velocity v(¢) of the Brownian particle. Every N = 100
periods of the driving force T the memory time 7 of the thermal bath is switched between 7=0.1
(chaotic state) and 7=0.01 (bistable state). We adopt the convention that the positive v, = 0.8 and
negative V_ = —0.8 state is identified with ‘I’ and ‘0’ bit, respectively. In this example the number N
of periods spent in the bistable state is the same as in the chaotic one N = N = 100, however the former
is associated only with the rate of bits generation and can be adjusted to the needs without the negative
impact on the their randomness. The latter characteristic is related to the time interval of N periods in
the chaotic state when the bit is quickly lost and the next value is not correlated with the previous one.

To quantify the randomness of the generated bit values, we calculate the Shannon entropy H(n,N) of
the bit sequences of different lengths n generated as in figure 3 as a function of the number of chaotic
periods N [1]. To estimate H(n,N), we first replace the trajectory with a sequence of bit values with v

5
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H(n,N)/Hyana(n)

Figure 4. Normalized Shannon entropy H(#,N)/H;nda (1) of the bit segments of length # as a function of the number of chaotic
periods N.

corresponding to 1 and V_ corresponding to 0. Then we divide the sequence into segments of length n
and calculate the probability p; of occurrence of each of the 2" possible combinations of # bits. Then the
entropy is calculated as

-
H(n,N) = —Zpi log, (pi) - (10)

i=1

For a completely random sequence all the probabilities p; = 1/2" and the entropy equals Hang (1) = n.
The bit sequence can be considered random if the entropy H(n,N) is close to Hyyna(n) for all seg-

ment lengths n for which the estimation of p; is statistically reliable (i.e. the number of segments

is much greater than the number of possible combinations 2"). The normalized Shannon entropy
H(n,N)/Hna(n) calculated for our system is presented in figure 4. Intuitively, the bit sequence obtained
in our setup is more random when the chaotic part of the trajectory is longer (N is larger). From

figure 4 it follows that after 5 or more chaotic periods the Shannon entropy of the bit sequence is
roughly the same as Hi,,4(n) for all n < 8 and as such, it can be considered random.

Finally, we assess the stability of the constant solutions for V(). For 7 < 0.02 the particle can be
considered to be in a bistable potential in the period-averaged velocity domain. To switch between the
potential minima corresponding to the velocities V., the particle needs to overcome some energy barrier
AE. The height of the barrier indicates how stable the periodic solutions are and how the mean escape
time from each of the minima depends on the temperature of the bath 6. To estimate the height of the
barrier AE we invert the Kramers problem and calculate the mean escape time 7. from each of the peri-
odic attractors as a function of the temperature 6 [39, 40]. The energy barrier can then be estimated by
fitting a line to the calculated quantities based on the equation

1

1 ) =AE
og(r) = AE

+C, (11)
where C is a constant. In figure 5 we present log(7.) as a function of the inverse temperature 1/6 and
the linear fit based on equation (11).

For low temperatures (high 1/6) the mean escape time 7. is comparable or higher than the simu-
lation time t = 10° x T, so the estimation of log(7.) is not reliable and consequently the plot is not a
straight line in that region. Furthermore, for high temperatures (low 1/6), the trajectories of the particle
are so noisy that the assignment of the particle to one of the potential wells in the period-averaged velo-
city space is ambiguous. The line is thus fitted to the data for 1/6 € [100, 500]. The estimated height of
the energy barrier is then

AE=0.0177 £0.0001. (12)

This means that in order to minimize the risk of the random switching between the bit values in the
bistable state, the temperature should be much lower than 6 =0.0177. This explains the clear separation
of the two stable states in figure 1(a) calculated for = 10™*.

6
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Figure 5. Logarithm of the mean escape time 7. from the attractors corresponding to the bistable period-averaged velocity states
as a function of the inverse temperature 1/6. The straight line is fitted to simulation results for the intermediate temperatures
6 € [0.002,0.01].

4, Conclusions

In this article we presented a setup for encoding information in the dynamics of a Brownian particle

in a viscoelastic medium. In particular, we considered a system in which the particle can be either in

a bistable or chaotic state, depending on the memory time of the surroundings or correlation time of
thermal fluctuations. The bit of information can then be encoded in one of the stable states, and the
stored data can be erased by changing the memory time and making the particle’s dynamics chaotic.
First, we showed that the dynamics of the particle can be controlled by changing the memory time of
the bath. Moreover, we showed that an approximately equivalent change can be achieved by applying

a correction to the particle’s mass in a corresponding memoryless setup. The principle of operation of
our memory-controlled random bit generator can thus be applied to any other system, in which the
change of the viscoelastic properties of the medium, leads to the emergence of qualitatively new solu-
tions that can be utilized for storage or erasure of the information. Next, we quantified the random-
ness of the generated bit values by calculating the Shannon entropy of segments of the generated bit
sequence. Finally, we assessed the stability of the information bits depending on the intensity of thermal
fluctuations experienced by the particle. Our study provides a general modus operandi for designing sim-
ilar systems for storing and processing information on a microscopic scale.
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